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Abstract

A Projection Method for Reacting Flow in the
Zero Mach Number Limit
by
Mindy Fruchtman Lai
Doctor of Philosophy in Mechanical Engineering
University of California, at Berkeley
Professor Phillip Colella, Chair

An efficient numerical technique is presented for solving the reduced system of equations for
reacting flow in the zero Mach number limit. The technique is based on the projection method
which had been developed to solve the Navier-Stokes equations for incompressible flow, modified
to account for the non-zero divergence of the velocity. The technique is second-order accurate in

both space and time. Calculations are presented for reacting flow in a closed container.
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Introduction

The goal of this thesis is to develop a numerical method for solving the system of equations of
reacting flow in the limit of zero Mach number. The method presented, a modified projection
method, is second-order accurate in both time and space. It is, furthermore, restricted only by an
advective CFL number and is, therefore, an efficient means of solving the reduced reacting flow
equations. In the limit of zero Mach number, the time scale of the acoustics is much smaller than
the advective time scale, and this fact is used to remove detailed acoustic wave effects from the
system. Despite this simplification, the model correctly represents the effects of large temperature
and density variations, substantial heat release, and baroclinic generation of vorticity.

Projection methods are a class of finite difference methods introduced by Chorin in 1968 to
solve the Navier-Stokes equations for incompressible flow. The fractional step scheme he pro-
posed involves first advancing the advection-diffusion equation in time to find an intermediate
velocity field, and then, in tum, applying the divergence constraint by projecting this intermediate
field onto the space of divergence-free vector fields.

Chorin’s original method was first-order accurate in time and second-order accurate in space.
Various investigators have extended the projection method to second order accuracy, including
Bell et. al.[6], [7], Kim and Moin [42], Maday and Patera [47], and van Kan {64]. Bell and Marcus
{9] applied the method to variable density flow. Here, the approach developed in Bell, Colella and
Howell [7] is extended 1o solve the system of equations for reacting flow in the zero Mach number
limit. The major modification required is a way of compensating for the inhomogeneous diver-
gence condition, since the divergence of the velocity is no longer equal to zero.

This thesis is divided into four chapters. In Chapter 1, previous work on low Mach number
models is reviewed and various numerical methods which have been used to treat low Mach num-
ber flow in the past are discussed. The chapter also includes a review of the development of the
projection method.

In Chapter 2, the scaling argument presented in Rehm and Baum ([55], Sivashinsky [60], and
Majda and Sethian [48] which leads to the derivation of the limiting system of equations for low
Mach number reacting flow is discussed. To illustrate the ideas, the M — O limit for the simpler

case of inviscid, compressible flow is discussed first, followed by a discussion of the more general



reacting case.

In Chapter 3, the numerical method which is the subject of this thesis is presented. Again, for
clarity, the method for incompressible flow with variable density is discussed first, and then it is
shown how to adapt the incompressible method to solve the enlarged set of equations for reacting
flow.

Finally, in Chapter 4, results are presented and numerical convergence is verified. Two calcula-
tions are included. One calculation shows the development of a non-reacting Rayleigh-Taylor
instability, while the second calculation is of reacting flow in a closed adiabatic container. The first

calculation is compared to that of Bell and Marcus [9] for validation purposes.



Chapter 1
Review of Previous Work

1.1 Low Mach Number Models

Landau and Lifshitz [46] briefly discussed the conditions under which unsteady flow could be
considered incompressible. First, the characteristic local fluid velocity, U, must be much less than
the sound speed, ¢; i.e. the Mach number M = -lcl must be small. Second, if L is the length scale
of the domain and T is a characteristic time scale for the fluid where U ~ L’f' then T » EI: That is,
the time taken by a sound wave to traverse a distance L must be small compared to the time scale
during which the fluid undergoes significant changes. In particular, high frequency or long wave-
length sound waves are excluded by the condition U ~ L /T since the wavelength of sound waves
isofmcordercT~% = % «L.

Ebin [27] and Klainennan and Majda [43] more rigorously explored the relationship between
low Mach number flows and incompressible flows. Ebin gave a first analysis, while Klainerman
and Majda gave a different, more complete analysis which included long wavelength acoustic cor-
rections. They proved that the solution of the system of equations for compressible flow reduces 1o
the solution of the Euler equations as ﬁXM — 0 for a gas with equation of state
p(p) = Ap7+ B where A >0 and y> 1. The proof was not extended to the non-isentropic case
(and, therefore, not extended to reacting flow.)

Chorin [20] presented a numerical method for solving incompressible viscous flow problems
which involved taking the limit M — 0 numerically by introducing an artificial compressibility, 6.
The artificial compressibility was used as a parameter to speed up the convergence to a steady-
state solution; the final solution was independent of 8. Rehm and Baum (55] were the first to use a
hydrodynamic model for reacting flow that analytically removed acoustic wave effects. They
derived a system of equations by nondimensionalizing the compressible flow equations and exam-
ining them in the limit of zero Mach number. Viscous effects were neglected. Sivashinsky {60)
independently proposed a similar model for slow flame propagation where flows are characterized
by low Mach numbers. He investigated the general three-dimensional case and included transport,

kinetic, and viscous effects. Sivashinsky derived a full system of equations consisting of conserva-



tion of mass, momentum, energy, and species, and an equation of state. In addition, he included a
numerical solution to this system of equation for the case of combustion in a closed container with
an infinitely thin flame. Ghoniem, Chorin and Oppenheim [30] used a low Mach number model as
well in their investigation of turbulent flow in a combustion tunnel, where the effects of compress-
ibility were represented by volume sources at the front.

Majda and Sethian [48] introduced a modified system of equations for low Mach number
reacting flow that was more tractable from a numerical standpoint than the system introduced by
Sivashinsky [60]. Their system replaced the continuity equation by an evolution equation for the
bulk thermodynamic pressure. This switch simpliﬁed the design and implementation of their
numerical scheme and made it easier to enforce the constraint imposed by the equation of state.

The work in the present thesis is based on the system developed by Majda and Sethian.

1.2 Numerical Methods for Low Mach Number Combustion

1.2.1 Lagrangian Particle Methods

Only a few numerical algorithms have been developed to treat low Mach number reacting
flow. One approach is to use a Lagrangian particle method such as that first introduced by gho-
niem, Chorin, and Oppenheim in [30), and further developed by Ghoniem et. al.[31-37, 44, 50]
and Sethian [58]. These methods are based on the random vortex method (RVM) [23] which mod-
els turbulent eddies using vortex elements which are followed about in time, and a volume-of-fluid
flame propagation algorithm [24]. The main advantage of such an approach is that it is inherently
adaptive, putting the computational effort only into the regions where the vorticity is non-zero.
Another advantage of the RVM is that it is grid free, and thus does not display effects such as
numerical viscosity.

Ghoniem, Chorin and Oppenheim [30] advance their solution using a fractional step scheme.
In the first step, the vortex elements are advected and the divergence-free component of the veloc-
ity is found. In the second step, the flame is propagated and the gradient component of the velocity
is calculated. This method was applied to the problem of combustion in an open channel where the
flame is stabilized by a backward-facing step. The fluid model in [30] is based on the representa-



tion of the flame as a thin moving surface, with the fluid on either side being incompressible. The
flow is taken to be two-dimensional, and the flame is treated as a constant-pressure deflagration
wave propagating at a prescribed rate. Baroclinic effects are neglected. The calculations presented
by [30] were able to capture many effects observed in turbulent combustion, such as the formation
of large scale flow structures. These results also assisted in explaining the role of hydrodynamics
in flame ignition and the mechanism behind exothermic processes. The calculations also helped to
show the details of entrainment and mixing.

Sethian [58] also used the RVM coupled with a flame propagation algorithm to analyze com-
bustion in open and closed vessels. He was able to show how the growth and development of
counter-rotating turbulent eddies affect the flame, as well as how exothermal and viscous effects
affect the burning front in combusting channel flow. Rhee, Sethian and Talbot [S6] add a mecha-
nism for computing the baroclinic generation of vorticity 1o their Lagrangian particle method used
to compute an infinitely thin flame in an open channel. The vorticity across the flame front is cal-
culated using the Hayes model.

To date, however, no calculations using Lagrangian particle methods have been performed for
the case of low Mach number reacting flow in a closed container with baroclinic effects. Such
methods have not been used because of the difficulty involved in calculating the baroclinic genera-
tion of vorticity across the flame front when the flame connects two regions of compressible gas

with continuous density variations.

1.2.2 Compressible Flow Schemes

Another approach to numerically simulating low Mach number reacting flow is to use a
scheme such as KIVA [3, 4, 5, 41, 51). KIVA, an algorithm originally developed at Los Alamos
National Laboratory, solves the unsteady equations for a multi-component, chemically reacting
mixture of ideal gases using a finite difference methodology. A particle method is used for calcu-
lating liquid sprays, and ALE (Arbitrary Lagrangian-Eulerian), a finite volume method for arbi-
trary hexahedrons, is utilized as a gridding method. KIVA uses turbulence modelling to compute
kinetic energy dissipation and solves for the pressure iteratively.

In the ALE method, spatial differences are calculated on a mesh consisting of arbitrary quadri-



lateral cells in two space dimensions and hexahedral cells in three dimensions. All thermodynamic
variables are defined at cell centers. (In KIVA-II, the velocities are defined at cell centers as well.
The usual practice for ALE is to define the velocity at cell vertices.) The computational mesh is
moved in a purely Lagrangian way while the chemical source terms, the heat and mass diffusion
terms, the pressure gradient, and the changes in density and intemnal energy due to the divergence
of the velocity are calculated. Next, the solution is remapped onto a fixed Eulerian mesh.

To handle flows with low Mach numbers, KIVA uses an acoustic subcycling algorithm. The
terms associated with acoustic wave propagation (such as the pressure gradient term in the
momentum equation and the terms involving the divergence of the vel;)city in the conservation of
mass and energy equations) are differenced with a time step At which satisfies the CFL condition

cAt

-—A—x—s < 1, where c is the sound speed and Ax is the mesh spacing. The remaining terms are differ-

UAt
enced using time step At which satisfies the constraint Ax < 1, where U is the advective fluid
t
$

velocity. At_ and At are related by %_t = M. For every time step At, approximately 1/M time
steps of size At_ are performed to advance those terms of order M2. Thus, when the Mach number
is small, this scheme is very inefficient. To solve this problem, the Mach number is artificially
increased while all other dimensionless parameters are held fixed to reduce the number of itera-
tions required. A disadvantage of acoustic subcycling is that short acoustic waves are not damped.
To remedy the problem, an explicit damping term is added to the momentum equation.

KIVA’s advantage is its flexibility. It has capabilities for solving problems with complex chem-

istry and complex geometry. Its efficiency and accuracy could be improved, however, for low

Mach number flow.

1.2.3 All-speed algorithms

Another approach to calculating low Mach number reacting flow is the use of “all-speed”
algorithms, schemes that are meant to model flows for any value of Mach number. All-speed
schemes are based on the ideas presented in Chorin [20]. In such schemes, the full non-linear prob-
lem is solved, and the equations are regularized to deal with the stiffness which arises from dispar-
ate time scales at low Mach numbers. These schemes can be used for both inviscid and viscous

flows, and for any value of Reynolds number.



Preconditioning techniques have been developed to compensate for the effects of eigenvalue
stiffness. Some of these techniques are general while others focus on the low Mach number
regime. The preconditioning essentially scales the equations of motion so that the eigenvalues
become of the same order of magnitude. The solution is then advanced in scaled time. For
unsteady flow, an additional “pseudo-time™ term is added to the equations, and the solution is
advanced in “pseudo” time. Examples of these schemes can be seen in Pletcher and Chen [54], by
Briley, et. al., [15], Choi and Merkel [18, 19, 28], Dannenhoffer and Giles [26], Viviand et. al. [53,
671, Turkel [63], and van Leer [66].

The advantage of an all-speed calculation is just what the name implies: it can deal effectively
with flows that simultaneously display low and high Mach number regions, for example, high
speed flows with low velocities near stagnation points. The disadvantage of this approach is that it

is difficult to solve the full non-linear system because of the complexity of the linear algebra.

1.3 Projection Methods

The projection method is a primitive variable finite difference method introduced by Chorin in
[18, 22] to solve the incompressible Navier-Stokes equations. The method is a predictor-corrector
scheme where the predictor step advances the solution of the advection-diffusion equation in time
to yield an intermediate velocity field. In the corrector step, this field is projected onto the space of
divergence-free vector fields to satisfy the divergence constraint. The original scheme was
O (At+ sz) for a domain with periodic boundary conditions in two or three dimensions, and
required a fairly restrictive time step.

Gal-Chen and Somerville [29] implemented a variation on the projection method to solve the
Navier-Stokes equations for topography using the staggered grid system of Harlow and Welsh [39]
and explicit pressure terms in the predictor. Kim and Moin [42] extended the method to second-
order accuracy using an inhomogeneous boundary condition for the intermediate velocity field.
They treated the advective terms using a second-order explicit Adams-Bashforth scheme and used
a second-order implicit Crank-Nicolson discretization for the viscous terms. As in [29], they uti-
lized a staggered grid representation. Van Kan [64] proposed another second-order accurate varia-

tion of the projection method. In this variation, time-centered advective terms were obtained using



linearized difference approximations to calculate spatial gradients.

Maday and Patera (47] developed a spectral element projection method which converted the
second-order Crank-Nicolson discretization of the advection-diffusion equation into a linear sys-
tem for the coefficients of Fourier modes in each element. Another example of a spectral projec-
tion-type algorithm is the pressure-step last method (PSL) used by Coughlin and Marcus in [25] to
compute turbulent bursts.

In [38], Gresho reviewed projection methods in an attempt to clarify issues relating to apply-
ing boundary conditions to intermediate velocity fields and viscous terms in fractional step
schemes. He concluded that all intermediate boundary conditions create non-physical solutions,
e.g., spurious boundary layers, at the walls, but accuracy is recovered by solving a higher-order
pressure Poisson equation. Simo and Armero [59] reviewed and tested projection methods as well
in their work examining long-term behavior and unconditional stability for time-stepping algo-
rithms. They compared different versions of fractional step/projection methods to direct schemes
with an augmented Lagrangian strategy in finding the solution to the driven cavity problem. They
concluded that even though the projection methods they tested are unconditionally stable, these
methods are limited by a restrictive time step, and thus are unattractive for use in simulations
involving steady-state solutions.

Bell, Colella and Glaz (BCG) [6] extended Chorin’s method to second-order accuracy by
introducing more coupling between the diffusion-convection step and the projection step. Advec-
tive terms were treated using a second-order Godunov procedure. Bell, Colella and Howell [7)
improved upon BCG's efficiency and robustness by altering the treatment of the advective terms 10
eliminate an instability that was observed for CFL numbers greater than 1/2. They accomplished
this by adding an additional MA C-type projection. Bell and Marcus [9] extended the projection
method to variable density flows by defining the discrete approximation of the projection operator
using a discrete divergence-gradient pair that was adjoint with respect to a discrete density
weighted vector inner product. Strikwerda [61] researched projection methods as well in an
attempt to determine a spatial discretization of the projection operator for cases where all compo-
nents of velocity are defined at cell centers. The discrete divergence-gradient pair he suggests are

discrete adjoints with respect to scalar and vector inner products and lead to a projection that is



third-order accurate.



Chapter 2
The Equations for Low Mach Number Combustion

2.1 Scaling - Non-reacting Case

The purpose of this thesis is to introduce a method to numerically solve the limiting system of
equations which describes chemically reacting flow as the Mach number approaches zero. In flows
with very low Mach numbers, it is observed that the pressure in the system remains nearly constant
in space, exhibiting only small fluctuations around a mean value. The acoustic waves in these sys-
tems are weak and equilibrate very rapidly. These flows are frequently found in common engineer-
ing devices such as pumps, burmers and internal combustion engines.

The advantage of solving the reduced system of equations is that by analytically eliminating
the acoustic wave effects, the time step in a numerical method will no longer be restricted by
acoustic wave CFL constraints. It will, therefore, be possible to take time steps based on the fluid
velocity, which will lead to an efficient numerical algorithm.

The overall goal is to analyze reacting flow, but it is illustrative to first show how the scaling
works in the simpler case of inviscid, compressible flow. By considering the simpler case, it is pos-
sible to establish that the analog of low Mach number flow is incompressible flow. The approach
will be to first scale the governing equations so that the scaled pressure is of the same order of
magnitude as the advective scales. Then, asymptotic expansions for the dependent variables will
be substituted into the scaled equations, and terms of equal order will be equated to determine
expressions for some of the terms in the expansions. Finally, those terms which vanish as M — 0
will be dropped from the scaled equations to yield the limiting system.

Consider first the inviscid, compressible, non-reacting flow in a closed container. Variables are
defined as follows: u = (u, v) is the velocity, p is the density, p is the pressure, tis the time, Q is
the bounded spatial domain, and c is the speed of sound. (Vectors are denoted by bold-faced type.)
The equations describing inviscid, compressible flow are given by

continuity,

Dp

E—+p(V'u) =0, (2.1)

conservation of momentum,

10



P22 +Vp = 0, 2.2)

pressure equation,
Dp oot u) = 23

The boundary condition for the flow in a closed container is the “no-flow” condition u - nl3n = 0
which states that the normal component of the velocity must be zero on the boundary.

Consider an ideal gas with an equation of state p = pRT where T is the temperature and R is
the universal gas constant. The assumption is made that v, the ratio of specific heats, is a constant
and that y > 1. For such a gas, the square of the sound speed is equal to yp/p . It is therefore possi-
ble to replace pc:2 in the pressure equation by Yp.

Let L be a characteristic length scale based on the size of the domain, Q; U be a characteristic
velocity based on the initial fluid velocity, U = max (U(x,0)); and p be a characteristic den-
sity, defined by p = jp (x,0)dQ. §,L and U are all of order unity. The behavior being investi-
gated is that of the fluid on time scales comparable to the advective time scale, T ~ % Itis
assumed that the ratio of local fluid velocity to local sound speed, !—S—’ , is uniformly small, and that
the variation of the dependent variables in x and t is of the order of the scales defined by L and T,
for example, g—? is of order -I-"i . In particular, high frequency or long wavelength sound waves are
excluded by the condition UT- L/T. Sound waves which vary on time scales comparable to T
have frequencies, f, which satisfy Tf ~ 1. If A is the wavelength of such sound waves, then
c-—kf—-&,and A.-—l-‘-»L.

T M
A scaled pressure, p, is introduced, given by

- -p 2
= £ = (pU”, 2.4
P="35 (pU) (2.4)

where p is the initial mean pressure, defined by p = Jp (x,0)dQ. It is possible to use p in the
definition of sound speed, ¢? = Yp/p . and define a Mach number based on this sound speed and

the characteristic velocity, M2 = FU2/yp. p can then be expressed as

p= (p-pM>. (2.5)
With this scaling, p is of order unity with respect to the advective scales defined above and

p/p~-0 (Mz) . Equation (2.5) can then be substituted into the momentum equation which reduces
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Du 1 -
p—+—Vp =0. (2.6)
Dt M2
It is assumed that asymptotic expansions in M « 1 can be created for the scaled pressure, the

velocity, and the density, of the form
P (x,1) = pg(x. 1) +Mp, (x,1) + M2z (x,1) +0 (M?),
u(x,1) = Uy (x,1) +Mu, (x,1) +M2u, (x,1) +O (M%), Q.7
P(X.1) = py(x,1) +Mp, (x,1) + M2p, (x,1) + O (M),
where each term, p;, u; and p;, is of order unity as M — 0. The same expansions are assumed to
hold for the derivatives; for example,

dp

3% (% 2_3_20“’ t) +Mg_l;1 (x, 1) +Mzgzt£(x, B +0 M%),

(2.8)
dp _ 9 o, 207 3

'a_t' (x!t) - at (xst) +M3t (x’t) +M at (X,t) +0(M )9

etc. Note that equation (2.8) will not be valid if there are long wavelength acoustic waves present.

If these expansion are substituted into the momentum equation (2.2), then

(Py+Mp, +0(r~42))1-)D-t (uy+Mu, +0 (M?)) =
(2.9)
1
~=77 (Po+ M, +M%r,+0 (M%)).

Terms of equal order in equation (2.9) can be equated to obtain expressions for individual

terms in the expansions. By equating terms of order M~ 2 and M™1, it is seen that

M2%  Vpy=0 (2.10)
and

M Vp =0 (2.11)
Thus, the first two terms in the asymptotic expansion for the pressure, p, and p,, are functions of
time only. By equating terms of order MY, the momentum equation is recovered

Mm% py— = Vz, (2.12)

where n/p = O (M?) . Thus, the gradient of the order Mm? pressure fluctuations is the forcing

12



term in the momentum equation.
By combining equations (2.7) - (2.12), it is seen that the scaled pressure is given by
P(x.1) = pg(t) +Mp, (t) +M>x(x,1) + O (M?) (2.13)
where the ©t term is associated with the pressure gradient in the momentum equation.

It is possible to find more precise expressions for the terms in this expansion by repeating the
process of equating terms of equal order in the Mach number in the pressure equation. To do so,
one begins by replacing p (x, t) by (—1513 + p) in the pressure equation (2.3) and inserting the
asymptotic expansions of p and u. ‘l‘lu‘hsdgives

1 D

1 2 3 5=
: A — ﬁ[;{i(po+Mpl+M +0 (M ))+p]-
y[ﬁ—i(poi-Mpl-(-M x+0(M ))+p] (2.14)

-V (ug+Mu, + M2y, +O(M?)).
Recall that p/p = O (M?) and, therefore, that p,/p = O (M?) as well. By equating terms of
order Mo, one finds

D(p,/M2+p
Y(Pg +p

Since py is a function of time only and p is a constant, V - u,, is also a function of time only; i.e.,

-V.u, = £, () . The no-flow boundary condition can then be applied to the velocity to show that
fy (1) must be identically zero. That is,
0= [(ug-mda = [(V-upda = [-f,(eQ = -Cf, (1) (2.16)
where C is a constant equal to the volume of domain Q. Thus f, (t) = 0 which implied that
Dpy/Dt = 0 and V - u, = 0. If Dp,/Dt equals zero, then p, (t) = p (0) . Since p is the
mean pressure, p, = 0. By substituting these results into equation (2.14) the equation reduces to
1 D 1

= (ix (P +MT+O(M?)) +p) =
7(§(pl+Mn+0<M2)) +p M 2.17)

-V. (Mu, +M%u,+0(M%)).
Repeating the argument in (2.15) and (2.16), it is seen that equating the terms of order M Lin equa-
tion (2.14) gives
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1. 1 D = _ o _
M2 B (P/MAP) = -Veu =100 (2.18)
which leads to the condition that p, (t) = p,(0) =0and V-u, = 0.

After equating the remaining terms of order M?, recalling that ©/p = O (Mz) , one finds

M2 =-V.u,. (2.19)

Y Dt
Since = is a function of both space and time, so is V - u, and thus the divergence of the velocity is
OM?) for t 2 0. The continuity equation (2.1) shows that the material derivative of the density is
O(M?) as well.

It has so far been demonstrated that the total pressure for low Mach number non-reacting flow
takes the form

pP(x,t) = p+m(x1) (2.20)

where n/p = O (Mz) . This scaling result is consistent with Bernoulli’s equation for steady flow,
which states that Ap ~ pUZ. It has also been shown that V- u = O (M2).

By taking the limit M — 0 and dropping the terms that vanish in equations (2.1) - (2.3), it is
possible to obtain the following form of the equations for low Mach number flow:

p%—':-*»Vx =0, (2:21)
Vou=0, (2.22)
Dp
'ﬁ-t' = 0. (2.23)

If the density is initially constant in space, equation (2.23) implies that the density will remain
constant for all time. For p (x,0) = p, = p(x, 1), equation (2.22) combined with equation

(2.23) reduces further to the familiar form of the incompressible Euler equations for a constant

density fluid
Poma+Vr = 0, 2.24)
V.u=0. (2.25)

The same scaling analysis can be performed in the case of viscous flow, where the momentum
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equation takes the form

Du

Bt -Ve+V.1 (2.26)

where 1 is the stress tensor, definedas T = p(Vu+ (Vu)T) +{(V -u). n is the ordinary or
first coefficient of viscosity, and { is the second coefficient of viscosity.

The scaling argument can be repeated to arrive at the incompressible Navier-Stokes equations
for an incompressible constant density fluid:

po%‘-:- = —Vr+V.pu(Vu+ (Vu)Ty, .27

V.u=0. (2.28)
Viscous terms in equation (2.27) have been simplified by using equation (2.28).

Equations (2.27) and (2.28) are fundamentally different from the equations for compressible
flow. The compressible flow equations are evolution equations for (p, u, p) and, given initial
conditions, they form a well-posed initial value problem. In contrast, the incompressible Navier-
Stokes equations are a combination of an evolution equation and a constraint on the velocity that is
independent of time. The presence of Vx further complicates matters; there is no obvious evolu-
tion equation for the pressure.

Equations (2.27) and (2.28) can be better understood by introducing the concept of a projec-
tion. This concept is based on the Hodge (or Helmholtz) vector decomposition which splits an
arbitrary vector field into two orthogonal components, one divergence-free and the other the gradi-
ent of a scalar field. That is, if w = w(X) is some vector field defined on a spatial domain Q,
then w can be written as

w=u;+Vo (2.29)

where V-u,; = 0, u,-n = 0 ondQ, and ¢ is the solution to the elliptic equation
9
Ap=V.w, nlyg = w - nl3o. (2.30)

This is an orthogonal decomposition; i.e.,

[(uy-Vo)ax = 0. (2.31)
Given this decomposition, it is possible to define a projection operator, P, such that P acting
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on w will extract its divergence-free part, thus projecting w onto the space of divergence-free vec-
tor fields. Thatis, P (w) = u 4 The relationship between the projection operator and the gradient
component of wis (I-P)w = V¢. Note that P operating on a gradient is zero, P (Vy) = 0,
and P operating on a divergence-free field leaves the field unchanged, P (u,) = u, for

= 0. Thus, P? = P.

V' I.ld = 0. ﬂd‘nlan
The projection operator can be applied to the Navier-Stokes equations to obtain the projection
formulation
g%':P(-(u.V)u+V-1:). 2.32)

This formulation converts the Navier-Stokes equations into a single evolution equation for the
velocity for which the constraint (2.28) is automatically satisfied if V-u = O attime t = 0.
Given initial conditions that satisfy the constraint, this is a well-posed initial value problem. In
addition, the projection formulation also enables us to understand more clearly the function of the
pressure gradient which satisfies the equation
V= (I-P)(-(u-VYu+V.1). (2.33)

Thus, V= is the gradient piece that is stripped away when the projection operator is applied to sat-
isfy the divergence constraint.

A projection operator for variable density flow is defined in an analogous manner. It is possible
to decompose a vector field w = w(x) defined on a domain 2 into two orthogonal components

as
W=+ %w. (2.34)

where V.u, = 0, u;-n =0on 0Q2, and ¢ is the solution to the elliptic equation

- 199 _
Lp¢ = v W, 5—8—6 30 = W- nfm, (2-35)
where
1
Lo = V- (5V9). (2.36)

This is an orthogonal decomposition with respect to a density weighted inner product; i.e.,
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| (ud-%V(p) pdx = 0. (2.37)

Equation (2.34) is the analog of the Hodge decomposition for a variable density fluid.

As in the constant density case, it is possible 10 define a variable density projection operator,
Pp. such that Pp acting on w projects it onto the space of divergence-free vector fields. That is,
Py(w) =ugand (I-P))w = -:;th . This projection operator can be applied to the variable

density Navier-Stokes equations and the projection formulation can be obtained:
du 1
3 —Pp(—(u»V)u+5V-t). (2.38)

Once again, an evolution equation and a constraint independent of time have been converted into a
single evolution equation for the velocity. The pressure gradient for variable density flow is given

by
SV = (I-Pp) (-(u-V)u+ V1), (2.39)

Equivalently, if one has a guess for the pressure field, nC, equation (2.39) can be written in

correction form as
I;.vs = I-P,) (—(u-V)u+%V-r—%V1tG) (2.40)

where d, the pressure increment, satisfies &1 = nC + 8. This form will be useful in discussing dis-
cretization methods in Chapter 3.

There are several ways of applying a projection operator to a vector field w = w (x) , but they
are all mathematically equivalent to performing the following steps if w is sufficiently smooth:
first, take the divergence of w, thus forming the right-hand side to the elliptic equation (2.35)
which can be solved for the scalar field, ¢. Once @ is known, grad (@) is easily constructed and
can be subsequently subtracted from w to find the divergence-free component, u.

2.2 Scaling - Reacting Case

The previous scaling argument can be extended to the case of reacting flow in a closed adia-
batic container where the following assumptions are made:

1. Reactants go to products irreversibly in one step.
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2. All fluid properties, e.g., the diffusion coefficients, x and D, and the viscosities, p and §,
are constant. |
3. There are only two species of gas, bumed and unburned, which have the same molecular
weight. Having only two species will enable the conservation of species equation to be written in
terms of a single variable, the mass fraction, defined as the fraction of unburned mass to total mass.
4. Both reactants and products are governed by the same y-gas law.
5. Radiative heat transfer effects are negligible.
6. The gas is polytropic; the specific heats Cp and c, are constant, and Y = gs.
Since both the first and the second coefficients of viscosity are constant, the divergence of the
stress tensor reducesto V-1 = pAu+{V (V- u). The pressure can be combined with the sec-
ond term of V - T to form a modified pressure given by
n=n+{V-u, (2.41)
where the notation A := B denotes “update in place™ notation: the value of A is replaced by B.
Thus the gradient terms in the momentum equation can be consolidated.
Given these assumptions, the system of equations that describe the flow is given by:
continuity,
Dp

_ L
-I—)T-&p(V-u) =0 .a.am-o, (2.42)

conservation of momentum,

Du
Py = ~Vr+pAu u-nin =0, (2.43)
conservation of energy,
DT _ Dp ar| _
PCpr = KAT +qgkpZ + @ + Dt I o 0, 2.44)
conservation of species,
DZ oz
— = D(V-pV2Z)- , =0, .
P5: D(V-pVZ)—kpZ Inlsg 0 (2.45)
ideal gas equation of state,
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.
p= RT (2.46)

where cpis the constant pressure specific heat, x is the coefficient of thermal diffusion, q is a the
heat of reaction, k = k (T) is the reaction rate, D is the coefficient of species diffusion, T is the
temperature, Z is the mass fraction, and & is the viscous energy dissipation given by

®=V.(u-t)-u-(V-1). 2.47)
For a two-dimensional flow, the expression for ® reduces to

o=@+ $ 1 B+ et (2.48)
An asymptotic analysis similar to the one performed for the non-reacting case can be per-
formed for the reacting case. Once again, units are selected so that p, L and T are of order unity,
U~L/T,and M « 1. A scaled pressure, p, is introduced, defined as it was in equation (2.4)
where p is the mean pressure, p (1) = Ip(x, t) dQ. By substituting ( p+p) for p(x,t) in
the momentum equation (2.43) and equating the terms of equal order in the Mach number, it is
possible to arrive at the same conclusion that was reached for the non-reacting case, namely that

the first two terms in the asymptotic expansion for p, P and p, , are functions of time only. By

balancing the terms of order MO, it can be shown that

Du,
po-!)—[— = Vr+ ILAUO. (2.49)

MmO
For the reacting case, the total pressure is given as the sum

p(x,t) = p(t) +m(x,t) (2.50)
where p, the mean pressure, is a bulk thermodynamic pressure, and n denotes the pressure fluctu-

ations. Again, & is of order unity with respect to the advective scales and n/p = O (Mz) .
Now that the scaling for the total pressure is known, it is possible to obtain a generalization of
the incompressibility constraint (2.28). In particular, the thermodynamic relations can be analyzed
to find an expression for the divergence of the velocity and an evolution equation for the bulk ther-

modynamic pressure. To begin the analysis, it is necessary to combine the first law of thermody-

namics,
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de = dg-pd(3), 2.51)

the definition of enthalpy,
h=e+p/p, (2.52)
and relationships for internal energy and enthalpy for a polytropic gas,

de = ¢ dT,

dh = cpdT. 2.53)

where e is the internal energy, h is the enthalpy, q is the heat, and c, is the specific heat for constant

volume. From this combination, two expressions for energy are obtained:

pcpdT = dq+dp (2.54)
and
pc,dT = pdq+ gdp. (2.55)
If these energy equations are used to describe Lagrangian parcels of fluid, all differentials may
D
be replaced by material derivatives, i.e, dn — T)% ) g—:- + (u - V) 1. The result is two energy
equations,
DT _ _D_c_l P Dp
pcv-st— = Dt + P E (2.56)
and
DT Dq A Dp 2.57)

PSDr = Por t Br -
The Lagrangian energy derivative, p%t1 , can be replaced by terms describing heat creation,
heat diffusion, and the viscous dissipation in the system. That is, p%‘t1 can be set to
V. (xVT) +qykpZ + ® in equations (2.56) and (2.57) in light of the assumptions listed previ-
ously. After these substitutions, the following equations resuit:

DT _ pDp
PCvHr = B-ﬁ-t-+xAT+qokpZ+<b (2.58)

and
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DT Dp

PShr = et KAT +qokpZ + . (2.59)

It follows from the equation of state that

= 0(1). (2.60)

oIl

Equation (2.59) can then be written

PDT _ 1 Dp , AT QkpZ @
— — — + ——e . (2-61
p Dt p Dt P P P )

If q3/T is of order unity, then all terms in equation (2.61) are of order unity except for the viscous
energy dissipation term: %’ is of order p|Vu| 2 which, from the argument presented in equations
(2.4) - (2.20), i of order x and g ~ 0 (M?) . Note that the assumption that

(1| V| 3y/p-0 (Mz) is only good if the viscosity is sufficiently small. This would not be a

good assumption, for example, to apply to Stokes flow. In addition, the pressure term in equation

(2.61) can be expressed
1Dp _1DF, o2 = 198, o2 2
f:Dt—th O(M)--]_?.d + 0O (M9). (2.62)
Thus, to leading order in M2, equation (2.61) is given by
DT
Py ‘;1: +KAT +qkpZ, (2.63)
and, similarly, equation (2.58) is given by
pc =BDP s qpkpZ. (2.64)
v Dt p Dt
Equation (2.64) can be used to find the constraint on the velocity divergence. By substituting
D
the equation for conservation of mass, %—ﬁ‘% = —(V - u), into the energy equation (2.64) and
solving for the velocity divergence, the result is
V.us= fli (-pcv’-)-'-f + (KAT +qykpZ)) (2.65)

which can be written equivalently, with the definition ¥y = ¢ /cv. as
Vou=L -EE 2.66
u= s + (Y-1) (AT +qkpZ)). (2.66)

Equation (2.66) is a constraint on the velocity divergence for the reacting flow case. The right hand
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side of this equation can be viewed as a distributed volume source, where a positive contribution
results in expansion of the gas and a negative contribution results in compression. It is expected
that the largest variations in the temperature the combustive heat release will be in the region of the

flame. Consequently, the volume source is largest in this region and the gas expands only at the

-

flame front. Away from the front, the volume source is nearly equal to —%—? and the gas is being
compressed.

The role of the temporal derivative of the mean pressure can be understood by examining its
evolution equation. This equation can be derived by using equation (2.66) in conjunction with the

no-flow boundary condition. From the boundary condition,

I (u-n)dA = 0. (2.67)
0

This boundary condition can be expressed equivalently as

j(v .u)dQ = 0. (2.68)
QQ

Applying this form of the boundary condition to the right hand side of equation (2.66), the result is

Lr_dp, _
‘J;ﬁ[ = 29¢ 1)(1(A'I‘+q0kp2)]dn-0. (2.69)

Since p is a function of time only, it can be taken outside the integral. Equation (2.69) will

then reduce to an evolution equation for the mean pressure

dp _ (y-1)

2= m); [XAT +qokpZ] dQ. (2.70)

Because the flow is contained in a closed adiabatic vessel, this equation can be reduced further to

b _ (-1

3 = vol(a) qokpZdQ. (2.711)

Equations (2.70) and (2.71) show that mathematically, the role of thermodynamic pressure is to
insure that the solvability condition for equation (2.66) is satisfied. A physical interpretation of the
role of the thermodynamic pressure will be given in section 2.4,

As in the non-reacting case, the previous scaling analysis is only valid if equation (2.66) is sat-

isfied by the initial velocity. If it is not, it is poésiblc for large acoustic variations to develop and for
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the flow 1o exhibit large-amnplitude acoustic waves. This initial constraint is referred to in Majda
and Sethian [48] as chemical fluid balance. Note that this is a condition that affects only the scalar
potential portion of the velocity and is not, therefore, particularly restrictive. The initial diver-
gence-free piece of the velocity, the piece which is associated with vortical motions, can be chosen

arbitrarily.

2.3 The Low Mach Number System of Equations for Reacting Flow

The system of equations used in this investigation is based on the system developed by Majda
and Sethian (48] where the variables u, T, Z, p, and =, i.e., the velocity, the temperature, the mass
fraction, the density, and the pressure, respectively, all vary in x and 1. p, the bulk thermodynamic

pressure, varies in time only. The system is composed of the following equations:

conservation of momentum,
Du _ _1 13 ] _
B = 5Vx+ EAu u-nlyg =0, (2.72)
conservation of energy,
DT _ dp 3’1‘, _
PCBr = a@r +xAT+qykpZ 3n o 0, 2.73)
conservation of species,
DZ oZ
ideal gas equation of state,
p = ﬁ%’ , (2.75)

evolution equation for the bulk thermodynamic pressure,

dgp _ (y=-1

divergence constraint on the velocity,
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Vo= S-—_(— +(7—1)(q0kpz+m’r))

_ o9
S=4% Gl

Note that there is not a separate evolution equation for p. Instead, the density is determined by

Q77

P and T by using the equation of state (2.75). Conservation of mass is imposed in the divergence
constraint (2.77).

As in the reacting case, the momentum equation and the divergence constraint present a com-
bination of an evolution equation for the velocity and a constraint on the velocity that is indepen-
dent of time. A projection formulation was introduced in the non-reacting case to convert the pair
into a evolution equation for the velocity for which the constraint is satisﬁed automatically The
identical formulation is not appropriate for the reacting case because P ( 3 ) at (1 .e., the veloc-
ity is not a divergence-free field.)

However, A variation of this formulation can be used. This variation is also based on the
Hodge decomposition to solve equations of the form

Du
B = -Vr + pAu (2.78)

V.u=S§8 2.79)
where S denotes the volume source in equation (2.77).
The fluid velocity can be rewritten as the sum of two orthogonal components, one divergence-
free and the other the gradient of a scalar field
u=u;+Vy, (2.80)

where V.u, = 0, u,- =0, and,j(ud-V\y)dx = 0. Unlike in the non-reacting case,

n|
aq
Vy is non-zero. The gradient V satisfies the divergence constraint on the velocity by satisfying

the relationship
V.u=Ay=S8. (2.81)
Given this definition of the velocity, the momentum equation can be rewritten as
ou_3j v _ u
5 —( v) +5-(Vw) - (u- V)u—EVﬂ:+B~Au (282

By using the fact that u ~ Vy = u, is divergence-free and applying the projection, an evolu-
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tion equation for u without the constraint may be obtained. This evolution equation is given by

du _ 3 P ) K
where
Ayy = va-195
Vv = VATl (2.84)
By applying the chain rule, g—f can be expressed in terms of the spatial derivatives of T and Z as
dS _ dSJT A dSJIZ (2.85)

3t = aTat Tazat
where the temporal derivatives in T and Z can be evaluated in terms of spatial derivatives by using
the goveming equations (2.73) and (2.74).
Equation (2.83) is the analog of the projection formulation of the Navier-Stokes equations for
the reacting case, and given initial conditions, forms a well-posed initial value problem. The equa-

tion for the pressure gradient corresponding to equation (2.39) is given by
-I-Vu = (I-P )(-J-i(V\u)»(u'V)u-i-EAu). (2.86)
p P77 at p

Equivalently, given a guess for the pressure field, 70, the following equation can be derived for

8 = n-nC:

los _ (1 9 . B  _ly.G
BVB— (I Pp) (—ﬁ(V\y) (u V)u+pAu an ). (2.87)

2.4 A One Dimensional Example

A one-dimensional example is presented to illustrate the nature of the compressibility effects.
Consider an adiabatic container with homogeneous boundary conditions for the velocity at x =0
and x = 1. To the left of the center is hot burned gas. To the right of the center is cold unbumed gas.
Where the hot and cold gas meets in the center, heat will diffuse from the hot region to the cold
region, and the burned and unbumed gas will begin to diffuse into one another. When sufficient
heat has diffused into the unbumed gas to raise it to the auto-ignition temperature, a flame front
will develop. Heat will be released only locally at this front, as a result of the chemical reaction.

The heat release profile is illustrated in Figure 2.1.
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Figure 2.1 Heat release vs. X for a one-dimensional flame front

In one dimension, the velocity divergence is given by

du_1( dp 2r
Tk (- =D [qokpZ+ KE?D (2.88)

The divergence profile that corresponds to the heat release profile above is pictured in Figure
2.2. Note that the temporal derivative of the mean pressure adds a uniform contribution to the
divergence, unlike the heat diffusion and energy source terms which are only non-zero at the loca-
tion of the flame front.

Figure 2.2 shows clearly where compression is occurring and where expansion is occurring.

du 1Dp Dp

From conservation of mass in one dimension, =— = ~— —. Therefore, if — is positive, —
ox p Dt ox Dt

must be negative and expansion must be taking place. Conversely, if 3x is negative, compression
results. From the figure, the velocity divergence is seen to be negative except in the neighborhood
of the flame front. Thus, the gas is being compressed everywhere except at the front, where the gas
is expanding.

The velocity profile is shown in Figure 2.3. As indicated by the divergence profile, the velocity
decreases linearly from zero from the left boundary to the flame front. At the front, the sign of the

velocity flips from negative to positive, and the velocity once again decreases linearly to meet the



condition at the boundary.
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Figure 2.2 Divergence vs. X for a one-dimensional flame front

In summary, volume sources for the reacting flow are only non-zero in the vicinity of the flame
front where the heat is being released. The thermodynamic pressure, however, is spatially uniform
to O(M?), which means that this heat release results in a uniform compression within the spatial

domain. This compression exactly balances the expansion that occurs along the flame front.
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Figure 2.3 Velocity vs. X for a one-dimensional flame front
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Chapter 3
Projection Methods

3.1 Finite Difference Methods and Nomenclature

Finite difference methods are a class of numerical methods for solving differential equations in
which the derivatives in the governing equations and boundary conditions are replaced by divided
difference approximations. Time is divided into small increments of At called time steps. It is
assumed that at the beginning of each time step, at time t, a discrete approximation to the solution
which satisfies appropriate boundary conditions is known. The object of the scheme is to advance
the solution in time and obtain an updated solution at time t" + At. As many times step as neces-
sary are performed until the desired final time is reached.

The spatial domain is discretized as well into finite difference cells, each with area Ax x Ay.
The center of each cell is located at ( (i~ 1/2)Ax, (j—1/2)Ay) and is denoted as cell (i,j)
where i = 1,..., nx; j = 1,..., ny. The left edge of each cell is located at i - 1/2, j, the right edge at
i+1/2,), the top of the cell at i, j + 1/2, and the bottom at i, j — 1/2. Discrete variables are
indexed by location and time. i and j are spatial indices, written as subscripts, which correspond to
particular finite difference cells. n is a time index, written as a superscript, which corresponds to a

particular time step.

3.2 Chorin’s Method

Chorin [21] presented a numerical scheme to solve the Navier-Stokes equations based on the
form written in equations (2.38) and (2.39). This algorithm is a fractional step scheme; in the first
step, nonlinear and viscous terms are evaluated and used to advance the advection-diffusion equa-
tion in time by solving

bU* -BU" = F(U), (3.1

where U™ = (u", v") is the discrete velocity at time t*, TU =bU™* ! — BU™ is an approxima-
Ju
ot
An example of a discretization for equation (3.1) is

tion for =, and F(U) is a discrete approximation for the advective, viscous, and body force terms.



U™ = U+ At{- (U-V)U+pAU]. (3.2)
The result of solving equation (3.1) is an intermediate velocity field, U®, which does not, in gen-
eral, satisfy the divergence constraint. The second step involves applying the projection operator to
enforce the constraint, and using the divergence-free vector component to update the velocity.
vl = Puh) (3.3)
There are several issues that must be addressed in implementing the projection method. One is
the discretization of the projection operator, specifying how exactly P is going to retumn a dis-
cretely divergence-free vector field and defining “discretely divergence-free”. Another issue is
temporal discretization. Chorin’s method is second-order accurate in space but only first-order
accurate in time because the projection operator does not commute with the Laplace operator in
the presence of boundaries. A second-order accurate method is desired. Spatial discretization is a
third issue. The goal is to use high-resolution finite difference methods to discretize the advective
terms which work well in the presence of strong gradients. Finally, a method that is restricted only

by the advective CFL number, regardless of the value of viscosity, is desired.

3.3 Discretizing the Projection

The discretization of the projection operator is based on the discrete Hodge decomposition,
which decomposes an arbitrary discrete vector field into two orthogonal components, one dis-
cretely divergence-free and the other the discrete gradient of a scalar. That is,

W = U +Go 3.4)

where DU, = 0, and D and G are difference approximations to div and grad.

Chorin discretized the projection operator using operators that were adjoints with respect 10 an
appropriate set of vector and scalar inner products. More precisely, he used discrete divergence
and gradient operators that satisfied the adjoint relationship D = ~GT. The discrete Laplacian
was defined by L® = DG.

Applying a projection operator can be done in several ways, but all of them are mathematically
equivalent to performing the following steps:

1) Solve
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L' = DW. (3.5)
2)Find Uy = W-Go.

Equation (3.5) is always solvable even though L™ is not invertible; DW is in the range of Lh
because of the adjoint relationship D = ~GT. Also, despite the fact that the solution to equation
(3.5) is not unique, G¢ is independent of the particular choice of solution to equation (3.5).

The projection operator has several properties. First, because of the adjoint relationship,

P = P". Second, because itis a projection, the discrete operator satisfies P? = P. Third, it is
easy to show using these two properties that

1P (W) [ <iwi, (3.6)
where || || is the discrete 1.2 norm derived from the vector inner product,
(U, V) = 2 (U; ;- V; ;) Axay, and QI = (Q, @)Y/ 2 We shall refer to such operators as dis-
crete projecliz"on operators.

Unfortunately, the discretization of the projection operators has some serious drawbacks for
the case where the components of the velocity are centered at the same location, e.8.,
w((i-1/2)Ax, (j—=1/2)Ay) = Wi’j = (ui’j, vi'j) . One disadvantage is that an operator
where L? = DG can lead to non-standard Poisson operators which complicate the linear algebra.
For example, a divergence - gradient pair made of central difference operators yields an LM thatis
locally decoupled into independent operators defined on each of four disjoint subgrids. Another
example is the complicated linear algebra which results from the discrete projection operator
formed from the non-symmetric D and G operators introduced by Strikwerda [61]. This discrete
projection operator is expensive to compute and is not robust in the presence of large density vari-
ations. More precisely, to compute a Strikwerda projection, it is necessary to take higher order dif-
ferences of the density field, which, for large density variations, can lead to the generation of
spurious high wavenumber modes, even for 2 smooth initial right hand side of equation (3.5).

The approach taken in this thesis is not to use a discrete projection operator where P? = P,
but rather to use a consistent discretization of the continuous projection operator where LP=DG,
and, thus, an operator where P2 P. We shall refer to these discretizations as approximate pro-
Jection operators. The use of approximate projection operators is an approach that has been taken

by Almgren, et. al. [2] where the discretization of the operator is based on finite elements. In this
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thesis, a discretization is used for the projection where the divergence and gradient are defined
using centered differences, and L" is discretized by a standard five-point representation. The
approximate projection is stable; a relationship analogous to equation (3.6) will be derived in sec-
tion 3.4.
To apply the approximate projection operator to a discrete vector field W = U, + Go, several
steps are performed. First, the Poisson equation
Atg = DyW 3.7
is solved for @. The divergence-free field is then found by subtracting G from W. The result is
Uy, the projection of vector field W. That is, P (W)A is given by
P(W) = U;=W-G,0o. (3.8)
For variable density flow, first solve the Poisson equation
Lo = DyW. (3.9)
The divergence-free field is then found by subtracting Go, p®a discrete approximation to %V(p,
from W
P(W) = Uy=W-Gg 9. (3.10)
Next, the operators used in equations (3.7) - (3.10) are defined. The discrete divergence opera-

tor is given by

Uisn, i~ Y-1j, Yij+1 Vi j-1
- » ) » . '1
DoV 2Ax * 2Ay G.1D

The discrete gradient operator for the variable density case, G, p’ is given by

1 Pit1,;7%i-1,; 1 “’i.j-n"‘Pi,j-l]
G = |— J =, —— . 3.12
(Go, o9, ; (pi,j 28x b, 28y (3.12)

G, the discrete gradient operator for the constant density case, is equal 1o Go, p if the density is

set to unity. AD, the discrete elliptic operator for the constant density case, is a cell-centered five-

point Laplacian given by
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h _ 1 -
(A7) = 23 P4y, =20+ %y, )
(3.13)

1
+—(0.

Ay L1 2090

Lg , the discrete elliptic operator for the variable density case which corresponds to a discretization

of Lp in equation (2.36), is given by

(Lhe) =t [(‘Pm.j"’nj)__(“’i.j‘q’i—t.j))
1 ((q)i,j+1~‘pi,j)__((pi,j-¢i.j—1)]
Ay*N  Pijs12 Pij-1/2

The density values at cell edges in equation (3.14) are obtained by averaging the values of density

in adjacent cells. For edge i+1/2, j, the averaged density is expressed by

1
Piv1/2,i = T 1 T (3.15)
5(—+ )
Pij Pitr,j

Three sets of boundary conditions are required to complete a projection: a set for Dy, a set for
Gy, and a set for solving the Poisson equation [(3.7) or (3.9).] D, and G, carry their own bound-
ary conditions, where those for D, are the physical boundary conditions for the problem, and
those for G, are non-physical and are set using second-order polynomial extrapolation. The Pois-
son equation is solved using homogeneous Neumann boundary conditions.

Boundary conditions are applied to the divergence operator by setting fluxes at the boundary

edges. Dy, is defined in terms of fluxes as

Fi+1/2,j“Fi~1/2,j+Fi,j+1/z“Fi,j-x/2 (3.16)
Ax Ay )

(BU) i
where F denotes flux and the definition of flux on the domain interior edges is

1 .
Fi+1/2,j = §(ua+1,j+“i,j) i=1, .,nx-1,

1 (3.17)
Fivi2=50 a+y)  j=1..y-L

For example, to apply the physical boundary condition W - n = 0, the flux at the edges of the

domain is set to zero; e.g., Fis2i= Faxe1/2, = Fi1/2 = Finy+1,2 = 0.
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Boundary conditions are applied to the gradient operator using second-order polynomial
extrapolation to extend values of the scalar field, @, to the first row of cells outside the domain.
These extended values are then used to determine the gradient in the first row of cells in the
domain interior. For example, the cells just outside the left hand side of the domain are calculated
by

Do, = 3(P, ;=9 ;) +93 (3.18)

and the expression for the gradient at the left-most interior cell is given by

1 92,7 %,j
G b - h
( o,pq’) e L A (3.19)

Second-order extrapolation of the scalar field is equivalent to a first-order extrapolation of the
gradients on the mesh to determine the gradient at the boundary. In other words, G, can also be

defined as the average of mesh-centered gradients

1
(Go,p®)7 . =3 (GM 1 *Gy J
IR S (3.20)
: .
(Go, p® *gﬁ(c.h‘.  +6M 1}
ij 1-]""5 b]"i
where
M. = dienim% (321)
i+%,j Ax

These mesh-centered gradients can be linearly extrapolated to the domain boundary. Thus, the gra-

dient at the left edge of the domain, Gi"/z‘ j» can be expressed
M  _ ,~M M
The gradient on the first row of cells in the interior is then calculated using these extrapolated val-

ues. The cells on the left interior edge, for example, are calculated by

1 M M
(Go,p® 1 ; = 35 (G3/2,;+Cirz, - (3.23)
]

Homogeneous Neumann boundary conditions are applied to Lg in a similar way. A finite dif-

ference approximation is used 1o find the value of the scalar field in the cells just outside the
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domain, and these values, in turn, are used to calculate Lg at the interior edge cells. For example,

0 . .
the boundary condition 5—? = 0 is enforced at the left edge by setting cells just outside using
left

the finite difference approximation for gradient on the boundary

apl  Py,;~Po,j
—] md v =, 24
o~ =0 | (3.24)

Thus, o, j issetto 9, etc-

Bell, Colella and Glaz [6] discuss at some length the issue of accuracy for the projection given
sufficient smoothness of the pressure in the absence of boundaries. Their analysis, however, does
not extend to the case where there are boundaries since, in that case, operators do not commute.
They conclude that it is difficult to determine the order of accuracy of the projection with boundary
conditions; an O ( (pAt) 17#) error term seems to be introduced in the pressure, and an O (pAt)
error term seems to be introduced in the velocity. Both terms appear to be an artifact of the analysis
since it is observed that their numerical convergence study indicates sufficient accuracy. Second-
order accuracy is observed as well for the algorithm presented in this thesis, as discussed in section
42.

Regarding the question of solvability, note that Lg with boundary conditions has a one-dimen-
sional null space consisting of scalar fields that are constant throughout the mesh. Equation (3.9) is
solvable, however; Dy W is in the range of Lg and is orthogonal to constant scalar fields which are
the null space of L}‘;. That is, if the discrete scalar inner product is defined by
(v, 9)= ;j%, i@, jAxAy, then

(1,DaW) = 0. (3.25)
Furthermore, the non-uniqueness of the solutions to equation (3.9) poses no difficulty. Solutions
will be unique up to an additive constant, and since G, = G, (¢ + ) , the gradient will be inde-
pendent of the choice of solution.

Next, it is shown that the solution obtained by the procedure described above gives a consis-

tent discretization to equation (2.35),
= 199 _
Lo= V.w, 5n = w - non JS2, (3.26)

where Lp(p is defined in equation (2.36) and we assume J' (w-n)dA = 0 so that equation (3.26)
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is solvable. The problem can be split into two pieces,

v %o _, 3.27
Lp¢n— W, 5-6 aQ.— N (- )
and
99
1Y7v80
Lann = 0, -p-B-l'_l =wW-non BQ, (3.28)

where ¢ = Pq+ P satisfies equation (3.26). It can be shown that the solution to equation (3.9)
can be written as an analogous sum: if ¢ satisfies equation (3.9), then ¢ = P+ 9p where

LgcpI = DW (3.29)

is a consistent discretization of equation (3.27), and
hy -

chpB = DgW (3.30)
is a consistent discretization of equation (3.28). D;W is defined by equation (3.16), except the
fluxes at the boundary are set by linear extrapolation. For example, the flux at the left boundary is
set by
DgW is then defined as DgW = Dy W — D;W. It can be shown that Dy W = 0, except at cells
adjacent to the boundary, where

F . F .
_ 1/, _ nx+1/2,j
O™y = x> PaWn = —ax (3.32)

etc. If W-n = 0on oQ, then @ is zero and ¢ = @,. However, if W - n 20 on the boundary,
then %GO‘PB is the potential field that corrects for the inhomogeneous boundary condition and

accounts for the extent to which W -n 20,

3.4 Accuracy and Stability of the Approximate Projection Operator

In this section, it will be shown that the approximate projection operator defined above is sta-
ble; that is,
IPl<1 (3.33)
for the case of a constant density fluid with doubly periodic boundary conditions. This is one of the
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key properties used by Chorin in proving the convergence of numerical methods used to solve the
Navier-Stokes equation in [22]. It will also be shown that the approximate projection operator is a
second-order accurate discretization of the continuous operator defined in equations (2.29) -
(2.39). Note that the analysis that follows is only valid for the constant density case and does not
easily extend to the case of a variable density fluid.

Fourier analysis will be used to prove stability, where continuous Fourier modes are given by

wE (x) = ! (3.34)
and i = J~1; k = (k;,k,) and k; is any integer; and x = (x,y) . The discrete analysis begins
by considering the discrete velocity vector, U = {Ui’j} wherei=1,..,N,j=1,..,NandNis
even. The velocity can be expanded in discrete Fourier modes,

of = ok (n) = /0N, (3.35)
where k = (kp,k,) and k; = —3 +1,., 3 j = (iypdp) . j; = Oy, N— 1 and

2 2
Ax = Ay = h = 2n/N. The set of Fourier modes is orthonormal on [0, 2x] . The discrete

transform of the velocity is
0" = (a" ¢4 = Tuokn?. (3.36)
J

where U} = (uj, vj) are the coefficients in the expansion.
Fourier transforms are useful for examining the stability of operators because discrete Fourier
modes are the eigenvectors of shift operators, the basic building blocks of finite difference opera-
tors. The shift operators Sy, S, s;, S, are defined by
(Sxw, = {u;,y 51
Gy = Mo i) (3.37)
(Syv), ;= Vi 5}
(S;v)i.j = {vi’j_ 1}-

All linear finite difference operators can be expressed as linear combinations of these shifts. Tak-

ing the discrete Fourier transform of equations (3.37) gives
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S:mj" = coj"x o), = e'k‘ha)}‘.
S;of=0f_, ;= e"'k‘hm}‘.
M mjk,.j2+1 = em’hm}‘,
S;m}‘ = mj'.‘” 1= e—&’hm}‘.

(3.38)

Therefore, if V = LU, where L is a constant coefficient finite difference operator, then taking the

Fourier transform of V is the same as multiplying U by an amplification factor, or symbol, com-

. N~ &h -k h
posed of a linear combinationofe ', ¢ ',

rier analysis, see Strikwerda [62).)

h -i&,h ) )
c'k’ and e 2. (For more information on Fou-

To begin the stability analysis of the approximate'pmjcction operator, consider the discrete

centered difference divergence operator, D, which is given by

+ - + -
. (sx -5 sy-sy)
0 2h 2h )

The symbol of D, Dy, can be expressed as

Do(k) = (55 89,

where
8" ezk,h _ e—&,h
B 2h
and
sy _ e'k’h - e—'k'2h

[ TR

Likewise, the discrete centered difference gradient, G, can be given by

—

(S} -S;)/(2h)
GO - ( )-

(s; -S;)/(2h)

The symbol of G, Gy, can be expressed
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8
Go = o (3.44)
0

Given these definitions, it is possible to define the symbol of a projection operator. For exam-
ple, consider the operators Q4 = G (DyG,) ~!D, and Py = 1—Q,,. The operator Py is the
discrete projection operator based on centered difference operators, and it satisfies the relationship
Pg = P, Since the boundary conditions are doubly periodic, operators commute and Q,, can be
written

Q = (DyGy)~1GD. (3.45)

The symbol of Q,, Qq. is given by

X 858 S5
Qo (k) = '—_,[—21_'_";'5[.: 3 :AS) (3.46)
(so) + (80) 8080 0%
and satisfies
Qq (bey) = Qq (k) ba). (3.47)

where b = (b, b,) . Specifically, Q (k) is a (2 x 2) matrix which depends on k with eigenvalues
zero and one. By combining equations (3.46) and (3.47), it is not difficult to show that " QO“ <1
and that "I-—-QO” <1.

The same analysis can be applied to Q = G, (A) 'IDO, where P = 1—-Q represents an

approximate projection. Since operators commute for the doubly periodic case, Q can be written
Q = (A" 7'GyD,, (3.48)

where AP is the five point Laplacian defined in equation (3.14). The symbol of Q, Q, is given by
-~ -1 A
(Ah) GoDg or

Q)

58 88
1 [ o%0 0v0 . (3'49)

Lo (g a8

where
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£ (k) = LI +e:’h re M _y - (3.50)
h
. “x 2 y 2 N .
If Lo (k) is defined as (55) + (8)) . then the relationship between Q and Qq is

Lo(k
Q(k) = Qo (k) 22 @3.51)

L(k)

This relationship can be used to bound Q, where
00015 Qo0k "m,gxf‘“( >| a.52)
(k)

For Q to be stable, the eigenvalues of § (k) must be between zero and one. Since the eigenvalues
of Qg (k) are zero and one, for Q to be stable, then B = Lg (k) / (L (k) ) must satisfy
0<B<1. (3.53)
To evaluate B, substitute the expressions for 33. Sz and Lg (k) in to the definition of B. The
result is:

cos? (k,h) +cos? (k,h) ~ 2

~ 2cos (k;h) +2cos (k,h) — (3.54)

which varies between 0 and 1. Thus, equation (3.53) is satisfied and the approximate projection is
a stable operator where the eigenvalues of (k) are zero and B, and the eigenvalues of I — Q (k)
are 1and 1-8.

Fourier analysis can also be used to show the accuracy of the approximate projection operator.
Let PE denote the continuous projection operator defined in equations (2.29) - (2.39) and let P
denote an approximate projection operator. If u (x) is a smooth function and u}‘ = u(jh) repre-

sents that function evaluated at grid points, then P is accurate of order p if
(PFu) (ih) - (Pu"); = O(n?). (3.5)
If ¢ = bwk (x) , then for each fixed k,
PE (bw¥) (jh) - (PbwX) | =0 (3.56)
as h — 0 is a necessary and sufficient condition for P to be a second-order accurate operator.

We will now show that equation (3.56) holds. Let & denote the Fourier transform of u. The

spatial derivatives of @ are:
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i, = &,0,

o, = -k20,
> 3.57)
0, = &,0,
_ 2
0y, = —k20.
Let § denote the symbol of 1 - PE. Then § can be expressed as
—x? -k k,
a(k) = %[ ! . ] (3.58)
-kj-kp\kky -G

where — k2 — k2 is the symbol of the exact Laplacian.

If the symbol of the discrete five point Laplacian is expanded in a Taylor series, the result is
(2-k2h%) + (2-k3n?) -4+0(h%
h2
Likewise, the definitions of &j and & can also be expanded in a Taylor series to yield

Lk) =

= -ki-k2+0(n?). (3.59)

5 2i;h+0 (h%)

x T = &, +0(h?) (3.60)
and
2&,h + O (h3)
y = 2 = = ik, +0(h?). (3.61)

Equations (3.59) - (3.61) and equation (3.49) can be combined to show the order of the difference

between the continuous and discrete operators:

a(k) -Q(k) = 0(h?), (3.62)
and, thus, that the approximate projection is a second-order accurate approximation to the continu-
OuS Operator.

3.5 Filtering

Some care must be taken in using the approximate projection operator because the centered
difference approximations used for D and G allow a non-physical oscillatory mode to persist. This
mode, pictured in Figure 3.1, interacts badly with both the discretization of the advective terms

(U - V) U and with the volume sources that occur in the combustion case. The mode can be
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removed by applying an additional projection operator to the “projected” field which has a differ-

ent spatial discretization. If the second projection does not use a centered difference divergence,

Figure 3.1 Divergent mode left in by the MAC/centered difference projection

this mode is removed.

Although applying a second projection is perfectly feasible, it is expensive computationally. A
second solution, the one used in this thesis, is to create a filter which can eliminate the remaining
mode. The filter consists of a single point-Jacobi iteration and is constructed using operators
designed to catch a two-dimensional version of the mode. This two-dimensional mode is pictured

in Figure 3.2.

N/
/1IN

Figure 3.2 Two-dimensional mode removed by the filter

The operators used in the point-Jacobi iteration are denoted by a “d” superscript, which stands
for “diagonal.” The diagonal divergence, D4, is defined at cell nodes and uses variables at cell cen-

ters and is given by
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%) | = (o 405 0) = (U +05-)
P P 2Ax
1 s}
2 2

(3.63)
(Vi tVienp ~ Vijo1tVioj-1)

* 2Ay

The corresponding gradient is defined at cell centers using scalars defined at cell nodes and is

given by
(Gl) ) . = (@is1/2,j+172% Pis1r2,i-172) ~ P12 5412 Pic1/2,j-1/2) ]
Pij 2Ax 364
(Glo)Y . = [(q’i+ 12j+172 12,412 ~ (Pis 12 5-12% ®iZ 12172
L] 2Ay '
To filter a vector field, V, the following steps are performed:
1. Compute DV and initialize @ to zero.
2. Relax once on V using
¢ = (-AD%G%+AD%V) = ADdV. (3.65)
A is a relaxation parameter chosen to provide maximal damping in the poirxt-Iacobi2 iteration for
2h 2
the diagonal Laplacian D4GY. For example, if Ax = Ay = h,then A = ('/—8 ) = l:‘ .
3. Replace V by HV)
V= F(V) = V-Gl. (3.66)

Applying the filter is sufficient to suppress the high wave number mode described above.
Effectively, the filter behaves as an additional second-order accurate projection which is based on
the divergence-gradient pair D¢ and G9. Itis expected that second-order accuracy should be
maintained when applying the filter, and, in fact, second-order accuracy is observed in the numeri-
cal convergence study in Chapter 4.

Note that filtering is not used to maintain the stability of the projection. The mode removed is,
technically, a divergence-free mode, and therefore, if left in, would not cause the scheme to
become unstable. The mode is removed only because it is non-physical, an artifact of the centered
difference divergence operator.

Fourier analysis can be used to show that the filter is accurate for the case of doubly periodic

boundary conditions. If vector field V = {Vi, j} wherei=1,..,N,j=1,..,N isexpanded in
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the discrete Fourier modes defined in equation (3.35), the discrete transform of V can be written
o = T vokn? (3.67)
] S has I )

The stability and accuracy of the filter can be demonstrated. The analysis begins with the

observation that
1- (p%G% 'c%p¢ (3.68)
ry Y ”l 2 A .
is a projection operator with the symbol I - (Dde) GdDd. The eigenvalues of the symbol

are zero and one. The filter can be expressed by

F(V) = V=Gl = (1-2G°DY) v, (3.69)
or
7= (1 - [.__3’_71] (DYGY) "GdD"J. (3.70)
(D%GY

The operator in equation (3.70) is very similar to the projection operator in equation (3.68) with an
extra factorof p = A/ (D4GY) 1, By comparing the two operators, it is easy to see that the
cigenvé.lues of the symbol of the operator in equation (3.70) are zero and . Thus, if it is possible
to show that 0 < ﬁ < 1, then that is equivalent to showing that the filter is a stable operator.

Using the shift operators defined in equation (3.37), DY and G¢ are given by

I+SH a-sH (1+SH) (I—S*))
d _ Y X X y
D" = [ 2h 2h (.71
and

(I1+8)) (S;-1)
G4 = 2h . (3.72)

(1+8)) (8,-1)

2h

d
Let B and G° be the symbols of D¥ and G, respectively. 5°G® canbe expressed
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Y

pigi= L

aax e*™ (1-e™M) (1467 (T 1)

1 X h ’ (3.73)
+o5((re Py (1—e®My (147 " - 1y)

which reduces to
d. 2cos (k. h) cos (k,h) —2
6’ = ! 2. (3.74)
h2
Therefore,
=<'’ <o. (3.75)
h
—h2 o
Since A, the relaxation parameter in the filter, is selected to be = then 0 < B <1 and the filter is
a stable operator.

Taylor series extrapolation can be used to show the order of accuracy of the filter. If
n}‘ = u (jh) represents a smooth divergence-free field evaluated at grid points, and ¥ (uh) —u®
is extrapolated, the result is
h h drd b _ hZ 4 4
F(u) ~u' = AGD =-Z-V(V~u)+0(h) = Q(h"). (3.76)

Thus, the filter acting on a divergence-free velocity field adds an O (h“) correction to that field.

3.6 Algorithm for the Non-Reacting Case

A fractional step method based on Bell, et. al. in [6], [7] and [9] is used to solve the Navier-

Stokes equations for variable density in a closed container. The equations that describe this flow

are given by
p% = - Vr+pAu u-nlzg =0, 377
Dp
E‘ - » (3-78)
V.u=0. 3.79)

U™ = (u", v") represents the discrete velocity field and p™ approximates density on the

n-1/2

finite difference grid at the beginning of time stepn. & represents the discrete pressure and

. . . At . .
is centered in time at the half step, at time t" — 7 All discrete variables are defined at cell centers
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where q; ;=9 (iAx, jAy).

The basic structure of the algorithm remains similar to that in Bell, Colella, and Glaz (6], but
several additional steps are required to treat the variable density. The approximate projection
described above is also used. The algorithm can be outlined as follows:

1. Compute [(U-V)U]**1/2 and [(U- V) p]™*1/2, estimates to the advective deriva-

tives centered at time 1" + %f , using a Godunov method.

2. Solve a discrete form of the continuity equation (3.78) to obtain p™* 1.

3. Solve a discrete form of the momentum equation (3.77) to find U*, an intermediate velocity

field.

4. Apply the projection to U* to split U* into a divergence-free and a gradient component. Use

the gradient component to update the pressure gradient, V" * 172 and use the divergence-
free component to find U+ 1.
5. Apply the filter to the velocity, U* ! « F(U™* ).

3.6.1 Time Stepping Strategy

In this section the details involved in steps 2, 3 and 4 of the outline are discussed. It is assumed
that U", p® and Gz~ 1/ 2 discrete approximations to velocity, density, and pressure gradient that
satisfy the boundary conditions and governing equations, are known. The solutions can be
advanced in time by solving second-order accurate discretizations of equations (3.77) and (3.78)

given by

1 - Ry +u”

and

pn+1 = p"—At{(U'V)p]“"' 1/2. (3.81)
U’, the intermediate velocity field obtained by solving equation (3.80), satisfies the same boundary
conditions as U, and AP, the viscous operator in equation (3.80), is the discretization of Laplacian
in equation (3.14). p™* 172 is determined by averaging p™ and p™* !, and the advective flux
terms are evaluated to second-order accuracy by a Godunov procedure. (This procedure will be

described in the next section.)
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Because of the lagged pressure gradient in equation (3.80), U® is not second-order accurate in

time. To achieve second-order accuracy, an updated pressure gradient is required which satisfies

the relationship
n+1 n 172 1 +1/2 [ h u*+U”
- — . n+ —_— n
U =U +At[ [(U-V)U] an/ZGx +pn+1,2A ( 5 )].(3.82)
This updated pressure gradient can be found by solving the Poisson equation
* _gym
Lgﬂ:""'l/2 = DO(U A!U + pnfl/an“”l/z] (3.83)

where Lg is the difference approximation defined in equation (3.14) with coefficients
p = p™*1/2_Given a solution to equation (3.83), it is possible to calculate the velocity update by

using

Ut = Ut + At U‘”Un+ 1__gro-t2__ 1 _gp+122 (3.84)
- At pn+l/2 pn+1/2 : :

Equation (3.83) is a consistent discretization of equation (2.39). In equation (2.39), the solution is

required to the equation
1 B
V-SVn =V. (- (u'V)u+-p-Au). (3.85)

If the advective and viscous terms in the right hand side of equation (3.85) are replaced by the def-
inition of U", then this equation discretely reduces to equation (3.83).

Altemately, an incremental pressure formulation can be used to find the updated pressure gra-
dient. This formulation involves solving a Poisson equation for the increment in the pressure,

8 = a"+ 172 _gn—1/2 This altemate Poisson equation is given by
L ]
u -u"

where Lg is, again, the difference approximation defined in equation (3.14) with coefficients
p = p™*+1/2_ Once equation (3.86) has been solved for 8, it is possible to solve for the velocity
update by subtracting the gradient of the pressure increment from U°,



1

n+1 _ *_
U =U —-———pn =3 /2(308. (3.87)
Equation (3.86) is a consistent discretization of equation (2.39). In equation (2.39), the solution is
required to the equation
1 113 1-.6
Vv5V8=V-(- (u-V)u+BAu—-6Vn ) (3.88)

If the advective and viscous terms in the right hand side of equation (3.88) are replaced by the def-
inition of U®, then this equation discretely reduced to equation (3.86).

The incremental pressure projection formulation provides an altemate method of updating the
velocity and the pressure. For example, in the constant density inviscid case, updates can be found

by either of the following two formulations:

U =U+AL(-[(U-V)UI"+1/2_Gpn =172y
n+l _ yyn U."U“
U =U +AtP(—_.——At ), (3.89)
vt -ut
At

Gﬁn+1/2 =G’tn—l/2+ (I_P) ( ),

or

U' = UM+ AL (~[(U- V) U+ 172,

U‘-U“)

At ’ (3.90)

u* -yt
At

Ut = U+ AP

Gnn+1/2= (I_P) ( ).

1f P? = P, these two methods would give identical results. However, for the approximate projec-

tion operator where P22 P, the two methods differ.

3.6.2 The Treatment of the Nonlinear Terms

This section describes the Godunov method used to calculate the time-centered nonlinear flux
terms used in equations (3.80) and (3.81). The method is similar to the one used by Bell, et. al. [9]
which is conservative and second-order accurate. It can be broken down as follows:

1. Extrapolate along characteristics to construct time-centered left and right states,

(U, p)n+1/2,L and (U, p)n+l/2. R'
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2. Find the upwind direction at each edge to select U"* 172, pn+1/2 gingle values from the
left and right state.

3. Difference the left and right states terms 1o find the advective terms, [ (U- V) U™+ 1/2
and [(U-V)p]™* 1“2 The terms are calculated with centered differences, and are given by

+1/72 +1/2
(UL /25- U e )

1, n+t72 | n+1/2 i+1/2,j ~1/2,
ul, +vUy =5 (Ui, 172492172, ) AX

(3.91)
+1(vn+1/2 +yR*1/2 L,j+1/27 Y j-1/2
3 Wis12,itVi-1s2, Ay
and
n+1/2 n+1/2
1 1/2 w172 s Piv1/2,i"PiZ1/2, )
upytvpy =3 CHY SRR Yo Ax
(3.92)

(pn+1/2 _pn+1/2 )
+ 1 (vn+l/2 Fyn*1/2 Lj+172 Fij-172
3WViv1/27Vi-1/2,j Ay .

Various specialized Godunov schemes can be developed by refining any of these steps (for
example, as in Bell, Dawson and Shubin [8].)

Since the Godunov scheme is explicit, a Courant-Friedrichs-Lewy (CFL) condition must be
satisfied on the time step to insure stability. This constraint is based on the advective velocity only
and is given by |

At <6 min (f-xni!, ﬂ?ﬂ‘].
’“Lﬂ IVLJ

o<l1.

(3.93)

This constraint dictates the size of the time increment for the entire scheme. ¢ is known as the
CFL number.
Extrapolation

The first step of the Godunov method involves extrapolating along characteristics to find val-
ues of the density and the velocity on the mesh at time " * 1/ 2 A simple second-order accurate
Taylor series is used to perform the extrapolation. Given below are the expressions at the left cell

edge, i +1/2, j, extrapolated from cell i,j:



Ax At

+1/2,L
Ui = Uit 5 Ui+ 7 Ul (3.94)
Al
+1/2,L _
p?+1/2.3 = P +—px :_] pt,lj (3.95)

The x subscript denotes differentiation with respect to the x-direction and the t subscript denotes
differentiation with respect to time. The expressions for the density and the velocity at the same

edge extrapolated from cell i+1,j are

Ax At
+1/2,R _
U?+1/2.J UH-LJ 2 U;:,Hl i" 2 Ut,1+1 i’ (3.96)
n+1/Z,R _ .n _Ax n + n (3.97)
Piv172)j = Piv1,i 3 Pri+1,jt 3 Pris1 :

The temporal derivatives in equations (3.94) - (3.97) can be replaced by substituting in the dif-
ferential equation. After doing so, these equations can be expressed as

1/2,L _ Ax
Ui Uit (5 n.Jz)Ux,ij
(3.98)
(( U, (M), o (G ),
px.j x.j
n+1/2,L _ + At - (399)
Piv1/2)j P ( U575 )px,ij 5 (VPY)i,J' .
and
1/2,R _ Ax
Uiz = Ulen (5 404, 2 )Ux.i+1,j
(3.100)
At TR
(OO WO @)
Ax At At
1/2,R _
p?:v%j - p?-rl,j (5 2 +u:+11 2 )px,x+lj T(pr)“].j‘ (.101)

Spatial derivatives are evaluated by centered difference approximations in the normal (x)
direction and upwind differences in the transverse (y) direction. In addition, the pressure gradient
is omitted in equations (3.98) and (3.100) and corrected for later. Given these substitutions, equa-
tions (3.98) - (3.101) can be written
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At ar( (U},
Ul =0l (% —max (u; ;,0) 558U, i~ > [m' bl B by i,j], (3.102)

172,R 1. A
U?:Uzz.'j = Ui+ (3 —min(uy, ;5 0)552)8U, 4y
(3.103)
At (U, n (ahy).
7 i+1iT Ay Pivy,j el
+1/2,L _ .n 1_ i _ﬁ_‘_ y
Pii1/2y =Phj+ (5 —max(u; ;0) 50 8p, 5= vy (1Y (3.104)
1/2,R _ 1 . - At At
P?:vzz.'j =Pyt (5 —min(y, ) 50580, iy =5 Viey, Pl 5 (3.105)

8U_ . and 8p

%, ij , normal spatial differences in equations (3.102) - (3.105), denote the limited

X, ij
fourth-order accurate finite difference approximations to the derivatives in the normal direction.

They are calculated in the x-direction, for example, by
(8%q); ;=sign(q;, 1, ;= i1, j) ¥
min[|2 @15~ 9o, = 3 (B e 5= GDi )] B0, ]
(8'q); ;= min(2|q;,, =G5y, (8"™Q); ;) xsign(Gy,y =Gy, 109

min(2|qi+1.j-qi'jl-2 qi.j"'qi-l.jl) if (qi+1,j-QL5) (qi,j“'qi—l,j) >0
0 otherwise

1i =
(8"™q) L= [

whereq = (u,v,p).
U1y j and [p] i"j, normal spatial differences in equations (3.102) - (3.105), denote the

upwind slopes used to obtain the spatial derivatives in the transverse direction. They are calculated

by
U, .~-U. ._ if (v, .>0)
[U]{J = [ L] Lj-1 . 1L,) (3.107)
Upjsr=Uy; (v ;20)
for the velocity and
Co=P. if (v, .>0)
[plY; = CM A (3.108)
' wje1 Py (v ;20)

for the density. Viscous terms are calculated using the five point Laplacian in equation (3.14).

To evaluate the viscous terms and limited slopes near the boundary, rows of “ghost cells™ are
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created around the domain and filled with values as indicated by the boundary conditions. More
precisely, if within the domain there are cells labelled (i,j) wherei = 1....,, nx and j = 1,..., ny, ghost
cells (0) and (nx+1,j) where j = 0,..., ny+1 and cells (i,0) and (i,ny+1) where i = 0,..., nx+1 are
specified. These cells are used, for example, to find the five point Laplacian at cell (1,1), which
requires ghost cells (0,1) and (1,0).

PSP ED O EPOEEEOOEEN0EDEND DD

Domain Interior
Ghost Cells

Figure 3.3 Location of ghost cells

For inviscid problems, homogeneous Dirichlet boundary conditions are enforced on the nor-
mal component of velocity, and polynomial extrapolation is used to fill ghost cells with the tangen-

tial component of velocity. For example, in evaluating [U] { j and 8*U;., set ghost cells in the first

row of exterior cells with
Un . ==—U 4]
0,j Lj (3.109)
Vi' 0 = ‘-Vi’ 1*
and
Vo : = 3 (V =~V ) +va .,
0] L~ V2, * V3, (3.110)

y o=3(y; | —y; 5) +ui’3.'
etc. To compute the normal spatial derivatives for the velocity at cells adjacent to the boundary on
the domain interior, 8U;; is set to 87U;;, as defined in equation (3.106).

To evaluate viscous terms and compute AP, the no-slip condition is enforced on both the nor-

mal and tangential components of velocity. Thus, ghost cells are filled by
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%07 Ty (3.111)
Vo,i ="V, j
etc. Spatial derivatives for density adjacent to the boundary in both the normal and transverse
directions, {p] {j and 8*p; j» are computed using second-order polynomial extrapolation. Ghost
cells are filled, for example, on the left by
Po,j=3(Py; =Py +P3j 5112
Pio= 3(PU"P“) +P; 3
Upwinding
The next step in the Godunov method is to resolve the ambiguity at cell edges by selecting one
of the two extrapolated values. Recall that at each cell edge, two values have been exirapolated, as
illustrated for edge i+1/2, j in Figure 3.3.

A single value is selected between the left and right states by solving a Riemann problem.

t (a2

d )
ot el

iy i+1/2,) i+1j
Figure 3.4 Predicted value extrapolation for the Godunov predictor

Mathematically, the solution to a Riemann problem is found by determining which characteristics
cross the path at the point of interest. Data are chosen which comes from the upwind side and
downwind data are discarded.

The upwind solution is shown here for the nomal velocity at the right edge of cell i,j where a

single state is selected by
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n n
u. -+ u. N
L . L) i+1,j
u if 22 2220
Yiv1/2,j = { R 2 (3.113)
u otherwisé.

The normal component of the velocity is then used to determine the tangential component of the

velocity and the upwinded density by

vt if u;,,,,;>0
Vis1/2,j = 2 i u,1/2,5<0 (3.114)
SOV if a0
and
p- if ;,1/2;>0
Piv1s2,j = P if u;,1/9;<0 (3.115)

1 .
-2-(pL+pR) ifu,,,70

U™ 1“2 since they lie

Boundary conditions are easily enforced on these predicted velocities,
on the mesh. The normal components on the boundary are set using Dirichlet boundary conditions,
and the tangential components on the boundary are set using second-order polynomial extrapola-
tion.

After the upwinding is complete, the predicted densities are used to construct the time-cen-

tered nonlinear terms, [ (U - V)p]™*1/2, described in equation (3.92).

3.6.3 Pressure Correction

Before calculating the advective terms for the velocity, a pressure correction step is performed
At
2p
ensure that the divergence constraint is satisfied to the appropriate order in time. In Bell, Colella

to estimate for the effect of the omitted pressure term, — V. The purpose of the V= tem is to
and Glaz [6], Vx was approximated by the lagged pressure gradient, V"~ 172, but it was
observed by Bell, Colella and Howell [7] that using the lagged pressure gradient in the extrapola-
tion resulted in a non-linear instability for CFL numbers greater than 0.5. The constraint is
enforced by performing an additional MAC-type projection designed to return a stable approxima-

tion to Vx for CFL numbers up to one. The corrected pressure gradient satisfies the relationship

53



At

25V = (I-PMAC yn+172 (3.116)

In detail, this MAC-projection is performed by first solving the Poisson equation
L‘p*.;. = pMu (3.117)

where L’; is defined as in equation (3.14) using p = p”", and DM, the MAC divergence, is given by

M 1 1
(D705 = ax (Mivr/2 = %=1 + gy Vijrrz=Vij-172)- (3.118)

No-nomal flow boundary conditions are enforced for pM by specifying the normal velocity com-
ponents on the boundary, as in

U125 = Vii1/2 = Ynxe1/2,j = Viny+172 = 0- (3.119)

Equation (3.117) is solved with homogeneous Neumann boundary conditions applied in the same
manner as discussed in section 3.3.

Given a solution to equation (3.117), the MAC gradient of the scalar field, Gf,dtp, is con-
structed by

1 (94,79,

P. . Ax
(Gg{‘P). - i+172,j (3.120)
i+1/2, R FONTORG. W PSS Bl EEWEPL
4Ay

Pi+1/2,;
where p = p". The values of the density on the mesh are obtained by averaging as in equation
(3.15). G:‘ carries homogeneous Neumann boundary conditions which are enforced by setting
ghost cell values for ¢ by

Do, = ¥, ;
Pi0= 91

(3.121)

etc. Given Gg'xp. the predicted velocities are corrected by subtracting off this pressure gradient.
That is,

n+1/2 n+1/2 M (X

; = Ul = (G, 9)

i+1/2]j i+172,j ( P ¥ 14172,

n+1/2 n+ 172 M .\Y G122
Uij+172= Ui je172= (Go @) o

This formulation is consistent with the overall accuracy of the method since it is only required



to estimate the predicted values of the velocity to O (Atz) . An additional order of accuracy is
gained in the corrector step. It is for this same reason that it is sufficient 1o use explicit viscous
terms in the predictor. They too are only O Atz) , but an additional order of At is gained in the
corrector.

The stability and accuracy of the algorithm for the non-reacting case is difficult to determine
for two reasons: the problem is non-linear, and the scheme is non-linear. Stability can be proven,

however, for the linearized Euler equations for constant density,

g—?+ (uy-Vyu= an. (3.123)
V.u=0,
where u, is a constant. For these equations, a scheme can be written
Ut = Ut AP - A (UY), (3.124)
where
A(U") = (uy-V)u (3.125)

is a linear finite difference approximation to (u,- V). If |A (V)| S K| V|| where K is a con-

stant, then

lom* < (1 +kay U (3.126)

since || Pl < 1.

3.7 Algorithm for the Reacting Case

It is possible to extend the approach that was implemented for the non-reacting case and apply
it to solving the system of equations for reacting flow discussed in the previous chapter. The most
significant design change occurs in enforcing the divergence constraint. For incompressible flow,
the velocity is divergence-free and an approximate projection is used to insure that the updated
velocity met this homogeneous constraint. In the case of reacting flow, the velocity divergence is
non-zero, and so the algorithm must be modified to account for this inhomogeneous constraint.

Once again, the equations for low Mach number combustion in a closed container are

conservation of momentum:
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Du 1 H
— S e — . = .1
Bt erH— pAu u-niyn =0, (3.127)
conservation of energy.
DT _dp aT| _
P Dr = a—+xAT+qokpZ 35 o 0, (3.128)
conservation of species:
DZ doZ
—_— = . - — = 3.129
Por = P(V-eV2)-kpZ Q 0, ( )
ideal gas equation of state:
p = RP"f* (3.130)
mean pressure equation:
| & _ (v-1)

divergence constraint on the velocity:

Viu=S= L
7

The discrete variables are defined as follows: U™ = (u", v") is the velocity field, p™ is the

45
(-3%4— (Y- 1) (QpkpZ+KAT)). (3.132)

density, T" is the temperature, p" is the bulk thermodynamic pressure which varies in time only,

Z" is the mass fraction, k™ is the reaction rate, and

s" = ;;_n [ "+ (Y~ 1) (QpkpZ+ XAMT) "] (3.133)

denotes the volume sources. All the above variables are defined on the finite difference grid at the
beginning of time step n. #® ~ 172 s the discrete pressure and is centered in time at t" - 92-3 All
the variables q = U, =, p, T, Z, and k are defined at cell centers, (i,j), where
q; j=q((i-1/2)Ax, (j=-1/2)Ay).

The general procedure will remain the same as for the non-reacting case, with similar time-
stepping strategy and treatment of the nonlinear terms. Note that the continuity equation is no
longer solved explicitly for density. Instead, the temperature and the mean pressure are calculated

through the conservation of energy equation (3.128) and the mean pressure evolution equation
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(3.131) and then, in turn, the density is updated through the equation of state (3.130).
In outline form, the reacting algorithm consists of the following steps:
A. Velocity Predictor
Perform a Godunov procedure to find the advective terms for the velocity,
[(U-V)U]I™* 172 The divergence constraint is enforced on the predicted velocities,
yrt 172 )
B. Scalar Predictor
Perform a Godunov procedure to find the advective terms for the temperature and the mass
fraction, [(U-V)TI**1/2 and [(U- V) Z]™* 1”2, Estimate the temperature, the mean
pressure and the density at " * 172,
C. Scalar Update
1. Solve a second-order accurate Crank-Nicolson discretization for the updated mass frac-

tion, Z"* 1. The discretization is given by

n+1 n+1
z"" +2" ?__._Z-)] (3.134)

y AR z“+m[ [(u-V) Z]“*V2+ DLY (_._.-.—-) -kp(
where L?_., is a suitable discretization of the species diffusion operator in equation (3.129).
Z"* 172 j5 obtained by averaging Z" and Z**!.
2. Estimate the temporal derivative of the bulk thermodynamic pressure, ", and solve a

second-order accurate Crank-Nicolson discretization for the updated temperature,

T"* 1 The discretization is given by
Tﬂ+l =Tn+A[["'[(|.l‘ V)T]n+l/21
LA n+1 ] (3.135)
KAh(T +T" ) +§n+q0kpzn+1/2.
pcp 2
Average T® and T"* 1o find T"* 172,

3. Correct estimates for " * 172

and p™* 172, Calculate the volume sources, S"* .
D. Velocity and Pressure Gradient Update
1. Solve a second-order accurate Crank-Nicolson discretization of the momentum equa-

tion for the intermediate velocity field, U®. The discretization is given by
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1 - U +U"
chﬂ V%pﬂfl/zAh( : )}. (3.136)

This step in analogous to advancing the solution in the non-reacting case as described in

U’ = U"+Ai[-[(u-V)Uj"“’2—-

equation (3.80).
2. Enforce the divergence constraint. Find the incremental pressure gradient, G5, and

update Gr. Apply the filter to the divergence-free component of the velocity.

3.7.1 Velocity Predictor

For the most part, the velocity predictor is the same as in the non-reacting case. The only dif-
ference is in the pressure correction step which insures that the divergence constraint is satisfied to
the appropriate order in time. Recall that in the non-reacting case, a MAC-type projection was per-
formed to calculate an estimate for the pressure term that had been omitted in the extrapolation
step,. -%; V. For the reacting case, the MAC-projection is modified to account for the non-zero
divergence of the predicted velocities, U™ * /2,

In detail, the pressure correction step for the reacting case is performed by first solving the
Poisson equation

Lhe = DMyn+1/2-g" (3.137)

where Lg is the discretization of Lp as defined in equation (3.14) and DM is the MAC-divergence
defined in equation (3.118). S", the volume source term defined in equation (3.133), is calculated

using the following estimate for p:

Equation (3.137) is solved using homogeneous boundary conditions for Lg and no-normal
flow boundary conditions for DM. They are applied in the same manner as they were for the non-
reacting case. Given the solution for equation (3.137), the MAC-gradient of the scalar field, Gr(p‘
is calculated and the predicted velocities are corrected using equation (3.122).

3.7.2 Scalar Predictor and Update

In this section, the fractional step method used to find scalar updates is discussed in more
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detail. The approach will be similar to the approach in the non-reacting case where the solutions
were advanced in time by solving second-order accurate discretizations of the governing equa-
tions. The implementation, however, is more complicated in the reacting case due to the presence
of source terms associated with combustion.

The goal of the scalar predictor is to estimate nonlinear flux terms and reaction source terms.
Nonlinear terms are evaluated using a Godunov procedure. The Godunov method used 10 evaluate
the nonlinear terms for temperature is very similar to that described for density in the non-reacting
case. The only difference between the two Godunov methods is that diffusion terms for tempera-
ture must be calculated for the predictor. These terms are approximated by a standard five-point
discretization to which homogenous Neumann boundary conditions are applied.

In addition, a slightly different version of the Godunov method must be used in calculating the
advective terms for mass fraction. It was observed that using the unmodified Godunov procedure
introduces a mild non-linear instability for CFL numbers greater than about 0.5 in the reacting
flow case. Using the following altemative version of the extrapolation step alleviates the problem.

First calculate auxiliary field, Z, by

Z=2z+ (5‘_2'1) (oLhZ - k") (3.139)

where © = min (ph2/ 8, At) and L*;,Z is a discrete approximation to V- (pVZ) and is given
by

Piv1/2,iZisn,i= 2P ~Pic1y2(Zi =%,y
Ax2

Lhz =

. Pije12Z 54172 ) =Py io12(%5-Z;5-1)
Ay2

(3.140)

The p coefficients in the expression above are obtained by averaging p™ as in equation (3.15).
Next, a second auxiliary field, Z, is calculated by

5 _ = E h"___I Nz
Z=2Z+50L32-5K"Z. (3.141)

n+1/2

This second auxiliary field is used to extrapolate to cell edges at time t with a Taylor series
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n+1/2,L _ 5n 1 At At y
iv172 = Lyt (i_uiim)szx.ij_f [VZ]U- (3.142)

Essentially, this modified algorithm smooths the source terms that come from the chemical
reaction by performing a single point-Jacobi iteration. The smoothing is consistent with the gov-
eming differential equation and introduces no loss of accuracy.

The algorithm continues with the estimation of the time-centered reaction source terms. To
find these, we use the temporal derivative of mean pressure, p", which has been previously calcu-

lated in equation (3.138) to get an approximation to p** /2 given by

prtl2 = phy A (3.143)

Next, an approximation to T"* 172, T, is estimated by the Taylor series
T=T"+>x . (3.144)

The temporal derivative in equation (3.144) is eliminated by substituting the energy conservation
equation
- At .
T=T"+ 5 [-[ (U-v)T]** V2+;ﬁl;— (XLPMT"+p" + (qokpZ)“)], (3.145)
P
T and p"* 1”2 are used to find an estimate for density at t"* 172, p, through the equation of state.

p is expressed as

. -n+1/2
p=P0 (3.146)
RT
T is also used to find an approximation for the time-centered reaction rate, E. given by
k = Ae B/ (R (3.147)

The scalar correction step is now performed to find updates for the temperature, the mass frac-
tion, the density and the mean pressure. The previous estimate of the reaction source term and
mean pressure derivative is also corrected.

The correction step begins by solving equation (3.134), a second-order accurate Crank-Nicol-
son discretization of the species conservation equation to find the mass fraction update, Z™ * 1 In
the discretization, all the values of p, including those coefficients of L’;, defined in equation

(3.140), are given by averaging p, the density defined in equation (3.146), as in equation (3.15). k
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is given by I‘E. the reaction rate defined in equation (3.147) Homogeneous Neumann boundary con-

ditions are enforced by setting ghost cell values by extension. for example,

=7, .
20.1 Lj (3.148)
Z0=7;,
etc. Next, mass fraction is averaged to find the value at ** 172,
n+1 n
172 27 +Z (3.149)

2
The mass fraction update is next used to solve the second-order accurate discretization of the
energy conservation equation for T"* 1 equation (3.135). In this discretization, p = p, the den-
sity defined in equation (3.146) and k = 12. the reaction rate defined in equation (3.147). AR is the
five-point discretization of Laplacian defined in equation (3.14). Homogeneous Neumann bound-

ary conditions are enforced as they are for Z, by setting ghost cell values by extension, as in

T, .=T, .
M (3.150)
T,0=Ti
etc. Again, temperature at the old and new times is averaged to determine T"* 172,
n+1
2 T 2”“, (3.151)

The corrector step continues by recalculating reaction source terms and the temporal deriva-

n+1/2

tive of the mean pressure. First, reaction rates are determined at time t with the expression

KPH1/2 o A B/ RTY (3.152)

The reaction rates are used to correct the mean pressure derivative and update mean pressure.

These quantities are calculated by

a+172 _ (Y-1) n+1/2%n+1/2 hepn+ 172
p -mg(qok pZ +xAMT Y G,

§n+l = §D+At§n+l/2, (3.153)

“n+1/2 _ 5n+§n+l
P =

Since p was not centered properly in time in when the discretization of the energy equation

(3.135) was solved, the temperature is comected using the new estimate of " * 1”2 by
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™= (T a2 - 8Y). (3.154)
Given the corrected temperatre, T"* 172 is obtained by averaging T"* 1and T" asin equation
(3.151).

The density can now be found at any point in time by applying the equation of state using the

appropriately centered values of the pressure and the temperature. That is,

pﬂ"‘l - (§n+1/(RTn+ 1)).
Volume source terms can be evaluated at t* * ! by the expression
S o -2 (v- 1) (qgkpZ + xaPT) ™). (3.156)

3.7.3 Velocity and Pressure Update

The corrected scalars are used in the predictor-corrector method used to update the velocity
and the pressure gradient. After the Godunov procedure is performed and the advective terms are
found, U® is computed, where U” is an intermediate velocity field which does not satisfy the diver-
gence constraint accurately enough in time. U® is obtained by solving a second- order accurate
Crank-Nicolson discretization for the momentum equation, equation (3.136), where both the
advective terms and the pressure gradient are treated as sources. Note that the lagged pressure gra-
dient is used in this expression. This lagged term is the reason that U” only satisfies the divergence
constraint to first-order accuracy in time. To achieve second-order accuracy, an expression for
uttlis required with the pressure gradient properly centered in time, as in the expression

u'+ut

1 Grh+172, _F .

pn+1/2 F,n-i-1/'2

This centering for the pressure gradient can be obtained by solving a pressure Poisson equation for

AR (

Un+l = Un‘*‘At["[(ll . V)U]n+1/2__ )]. (3.157)

the updated pressure,
* 1_¢en
h n+1/2 _ U -u? 1 n-1/2 s"ti_s
me = Do[ AT +pn+l/26n - (-———-——--—At ). (3.158)

Given a solution to equation (3.158), it is possible to calculate the velocity update by evaluating

the expression
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n+l n u'-un 1 n-1/2 1 +1/2
U = U +At At + n+1/207t *——m(}ﬂn . (3.159)
P p

Equation (3.158) is a consistent discretization of equation (2.86). Equation (2.86) requires the

solution of the following Poisson equation:
1 P} 1
V-BVK =V. (ja-t(VV)“(u~V)u+BAu). (3.160)

If the advective and viscous terms in the right hand side of equation (3.160) are replaced by the
definition of U and V - (-:%(vw)) is replaced by %?. then discretely this equation reduces to
equation (3.158).

Altemately, a pressure Poisson equation can be solved for the increment in the pressure,

5 = x*+1/2 _gn-1/2 This altenate Poisson equation is given by

U*_uﬂ Sn+l_sn
) - ) - (3.161)

h

Given a solution to equation (3.161), it is possible to solve for the velocity update by subtracting
the gradient of the pressure increment from U*,

1

-Pn+ 172

Equation (3.161) is a consistent discretization of equation (2.86). Equation (2.86) requires the

vt =yt Gyb. (3.162)

solution to the Poisson equation

v. %vs = V. (&Vy)-u Vu+ §Au - %VRG) : (3.163)

If the advective and viscous terms in the right hand side of equation (3.163) are replaced by the
definition of U® and the guess for the pressure, nC, is taken to be the pressure at the old time step,
discretely this equation reduces to equation (3.161).

In equations (3.161) and (3.163), Lg is the difference approximation defined in equation
(3.14) with coefficients p = p™*+1/2 given by equation (3.155). Boundary conditions for each

operator are treated as in the non-reacting case.

Sn+l n+l

Given , the volume source terms at time t * °, the potential for the gradient component

of the velocity, Gyw™* !, can be computed by solving
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Ah\{ln+l = sn+l (3.164)

The divergence-free component of the velocity is then obtained by subtracting the gradient compo-
nent from U * !5 ie., U1 ~Gyyn+! is approximately divergence-free.

Finally, the divergence-free component of U™ * 1 is filtered and added to the gradient compo-

nent 10 determine the velocity update. That is,
U= (F(UMT -Gyt 1) + Gyt +Y) (3.165)

where Fdenotes the filter given by equations (3.65) - (3.66) and U™ * ! satisfied equation (3.157).

3.8 Computational Effort

Finally, we address the question of computational effort and show which portions of the algo-
rithm are likely to be the most expensive. The velocity predictor is explicit and, therefore, inexpen-
sive. The pressure correction step requires the solution of Poisson equation (3.137). This linear
system is solved using a multigrid method. The scalar predictor is entirely explicit. The scalar
update section requires the solution of two second-order accurate parabolic equations, (3.134) and
(3.135). Again, these linear systems are solved using a multigrid method. The velocity and pres-
sure update is the most expensive section of the code. It involves solving the two parabolic prob-
lems in equation (3.136), one to find each component of the intermediate velocity field, U". In
addition, the Poisson equation (3.161) must be solved to find the incremental pressure gradient,
and the Poisson equation (3.164) must be solved to find the velocity potential due to combustive
heat release. Still, these systems are all linear, and again a multigrid method is used to expedite the
linear algebra.

All together, four parabolic equations and three elliptic equations are solved per time step. The
details of what percentage of CPU time gets devoted to solving each of the major elements are dis-

cussed in Chapter 4.



Chapter 4
Results

4.1 Rayleigh Taylor Instability

In this chapter, the results of our calculations are presented and numerical convergence is dem-
onstrated for the method discussed in Chapter 3. The first calculation shows the development of a
Rayleigh-Taylor instability which occurs when a heavy fluid accelerates into a lighter fluid due to0

the force of gravity. Initially, the density interface between the two fluids is perturbed by

n(x) = 0.05Lcos (2%") @.1)
where L is the width of the computational domain. The interface has been smoothed by a tanh
function. The initial density ratio is 7:1, and the fluids are assumed to be inviscid. A uniform 32 x
128 grid was used to perform this calculation.

At early times, we see the interface begin to roll-up into two counter-rotating vortices. As time
progresses, the vortical structure becomes quite convoluted. The significance of these results is
their favorable comparison to those in Bell and Marcus [9]. This, along with the results of the
numerical convergence study, is an indication that the formulation using the approximate projec-

tion indeed captures the physics of the problem.

4.2 Numerical Convergence

Convergence is established by solving the same problem with smooth initial data on coarse
and fine grids, outputting the results at a fixed time, and comparing the difference on adjacent
grids. The initial stream function is given by

¥0 = g-lgin2 (ny) sin2 (mx) 4.2)
while the initial temperature and mass fraction are expressed by

1

T0 =
1—tanh (y - 0.5)

4.3)
and

1

0—' —
Z = 1 - tanh (y —0.5)

0.5. 4.4)
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The results of the convergence study for the non-reacting cases are summarized in tables 1, 2,
and 3. We tested the following cases:

CaseI. Pr = 0, Sc = 0, Le = 0, Euler

Case II: Pr = 0, Sc = = (i.e., no species diffusivity), Le = 0, Re = 100

Caselll: Pr=1,Sc = 1,Le = 0, Re = 100
Where Pr, Sc, Le and Re are the Prandtl, Schmidt, Lewis and Reynolds numbers, respectively,
defined Pr = ?—1-1 Sc-—- Le-ac—-ﬁand e = pEL

Table 4.1 Velocity Convergence Results - Non-reacting Flow

Norm Case 32-64 Rate 64-128 Rate 128-256
L1 I 3.801e-3 | 2.12 | 8.516e4 | 2.07 | 2.005¢-4
m | 2154e3 | 197 | 5547e4 | 197 | 1424e4

1 7| 2.153e-3 | 1.97 | 5.545¢4 | 197 | 1.423¢4

L2 I 3479%-3 | 2.10 | 7.898e4 | 2.06 | 1.863¢4
it 1.898e-3 | 2.00 | 4.741e4 | 1.98 | 1.208e4

il 1.897e-3 | 2.00 | 4.740e4 | 198 | 1.209¢4

Table 4.2 Temperature Convergence Results - Non-reacting Flow

Norm Case 32-64 Rate 64-128 Rate 128-256
L1 I 1.046c-4 | 2.15 | 2.822¢-5 | 2.12 [ 5.109-6
il 9.548¢-5 | 203 | 2.324e-5 | 2.03 | 5.667e-6

I 4.494e-5 | 2.06 | 1.057e-5 | 203 | 2.564e-6

L2 I 149664 | 2.15 | 3234e-5 | 2.12 | 7.251e-6
O [ 123%4 | 201 | 305%5 | 200 | 7.605c-6

m | 5.838-5 | 207 [ 13695 | 203 | 33206




Table 4.3 Mass Fraction Convergence Results - Non-reacting Flow

1.046e-4 | 2.14 | 2.282e-5 2.12 5.109¢-6
II ’f9.547e-5 2.03 2.34e-5 2.03 5.668¢-6

I1I 4.493e-5 | 2.06 | 1.057¢-5 | 2.03 2.565e-6

L2 I 1.496e4 | 2.16 | 3.234e-5 | 2.12 7.251e-6
I 1.239¢4 | 2.01 | 3.05%-5 | 2.00 | 7.604e-6
1 5.840e-5 | 2.07 | 1.369e-5 | 2.03 3.332¢-6

A combusting case was used as well in the convergence study. For this case, the initial stream
function is the same as in equation (4.2). The initial temperature and mass fraction profiles are the
same as for the cases pictured in Figure 4.6 through Figure 4.8 which consist of two *hot spots”,
one at (0.25, 0.25) and another at (0.75, 0.75) defined by

1 +tanh(((r--0.125)32)+l)+ 1 1

0_ 11
T = J000 2 (350 ~ 7000’

4.5)

and

_ tanh (((r-0.125)32) + 1)
= 3 .
The results of this test case for which Sc = 1, Pr=1, and Le = 1, and Re = 100 is presented in Table

4.4 - Table 4.6

z° (4.6)

Table 4.4 Velocity Convergence Results - Reacting Case

Rate | 128-256
9.937e-2 205 | 5514e4

L2 1.041e-2 || 2.09 | 2.390e-3 | 2.05 | 5.708e4

Table 4.5 Temperature Convergence Results - Reacting Case

Norm 32-64 Rate 64-128 Rate 128-256‘
L1 2.650e-3 || 2.00 | 6.596e4 2.03 1.595¢-4

L2 5.641e-3 ILZ'IO 1.27%-3 | 2.07 | 2.976e-4
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Table 4.6 Mass Fraction Convergence Results - Reacting Case

Norm

L1
L2

4.3 Combustion in a Closed Container

The next calculation shown is that of combustion in a closed container. Initially, a sfnoor.h ini-
tial velocity profile is defined inside a unit square with homogeneous Dirichlet boundary condi-
tions. The initial temperature profile consists of two smooth “hot spots” in the lower left and upper
right comers, corresponding to areas where the fluid contains only products of combustion. The
remainder of the fluid consists of low temperature reactants. The Reynolds number is approxi-
mately 5000, and the Prandtl, Lewis and Schmidt numbers are all of order unity. A 128 x 128 uni-
form grid was used to perform this calculation.

We note especially the complex vortical structure that forms in the bumnt gas due to the baro-
clinic generation of vorticity at the flame front and the enhanced mixing of the lower density gases.
This vorticity is generated due to the application of the same force is applied both in front and in
back of the flame. In the rear of the flame front, the temperature of the gas is higher and, therefore,
the density is lower. The lower density gas is accelerated more rapidly than the high density gas,
creating a velocity gradient. The strongest baroclinic vorticity generation is thus displayed at early
times since the effect is strongest when the density ratio is highest. As the flame front moves out-
wards, this vorticity is left behind and serves to enhance the mixing in the center of the container.

In addition, the low Mach number effects are apparent in the temperature profiles. Note that
the high temperature zone is located not at the flame front where the energy is released, but rather
in the center of the domain. This effect is due to the uniform rise in bulk thermodynamic pressure;
as the pressure rises, the temperature rises highest in the center where combustion is completed
and the density is lowest. This behavior of the temperature field can be predicted by examining the
conservation of energy equation which shows that dT ~ %dﬁ. The factor of p on the right hand
side has the effect of increasing temperatures in the post-combustion, low-density regions.

In this calculation it was assumed that the reactants are perfectly mixed before chemical reac-



tion and the flame is laminar. According to laminar flame theory, the flame zone is divided into two
sections: zone 1, the preheat zone, where the gases are heated by conduction and diffusion until
they reach ignition temperature; and zone 2, the reaction zone (see (45] for more information.) A

diagram of a one-dimensional laminar flame is shown in Figure 4.1.

T Zone1 |Zone2 | T,

(ReactionL
. Zone)
T, </ 5 >l ak—b-

——

-
p 4

Figure 4.1 Diagram of temperature variations and reaction zones for a laminar flame

A scaling argument can be used to show that the flame front is being resolved in space and
time if the flame is described by this theory. An energy balance in zone 1 shows that

. (Tg—To)
mc, (T,—Ty) = KT
where T, is the temperature in the unburned region, T; is the temperature at the border between

4.7

zone 1 and zone 2, T; is the temperature of the combustion products, and SR is the length of the
reaction zone. The mass flow rate, m, is defined as

m = pS; (4.8)
where p is the density of the unburned gas and S, is the laminar flame speed. By combining equa-

tions (4.7) and (4.8), a definition for the flame speed can be found given by

x (Tg=Tp) 1

$ =2 — e . 4.9)
L pe, (Ti-To) &
If 7, the reaction time, is the reciprocal of the reaction rate, k, then
S
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x (T-To)
o [ ——— e, 4.11

An ignition temperature reaction rate model is used where k ~ 1 s”!. It is assumed that
T, = 1000 K, T~ 300 K, T, = 600 K, x = 1.4x10™ cal/(s cm K), p =~ 3x10™® g/cm? and
= 1.0 cal/(s g K) . By substituting these parameters into equation (4.11) we can see that our
flame front should be spread over approximately four cells.

Another way convergence is demonstrated is by showing that the rise in bulk thermodynamic
pressure and the rate of fuel consumption both approach a limit. Thermodynamic pressure vs. time
and the L, nomn of the mass fraction field vs. X are plotted in Figure 4.2 and Figure 4.3 for three
uniform meshes: 64 x 64, 128 x 128, and 256 x 256

4.4 CPU Time and Memory Requirements

Performance tests were run on a Cray Y-MP C90 to asses the algorithm’s efficiency. The
results are summarized in Table 4.7 for the case of combustion in a closed container on a uniform
grid. Two cases were tested, one on a 128 x 128 uniform mesh and another on 2 256 x 256 uniform
mesh. The first two columns in the table show the percentage of CPU time spent solving elliptic
problems and the percentage spent solving parabolic problems. Column 3 shows the average num-
ber of Mflops (millions of floating point operations per second), an indication of whether the code
is properly vectorized. Column 4 shows the maximum amount of memory the program required in
units of Mw (mega words), and column § indicates the rate of throughput by showing, on average,
how many CPU seconds are required to complete one time step.

Table 4.7 CPU and Memory Usage

Memory

Elliptick | Parabolic% | Mflops (Mw)

The table clearly shows that the vast majority of CPU cycles are spent in Multigrid solving
elliptic problems. However, the table also indicates that the program is dominated by vector opera-
tions and that good execution speeds are being obtained. For the 128 x 128 case, of the 381.4

70



/

A
/ N 64 x 64
‘ // 128 x 128
aN

B ' / / — 256 x 256

::’i"""‘:' N _

el RN NN

e ' NN

i~ AN \QX 256 x 256
93 90~ \\ \

g ) NEAN 128 x 128
vt \ &

\—
\

.o ; ‘&(—&364

=0 : : -

i [ '
om0 .80 a0 e aos AL ]

Figure 4.3 The L, norm of the mass fraction vs. time for three uniform grids

Mflops overall, 380.1 were performed in the vector units. For the 256 x 256 case, 484.0 of the
484.9 Mflops were performed in the vector units. To lend some perspective to these figures, a rate
of over 200 Mflops is considered to be adequate, and a rate of over 400 Mflops is considered to be
very good. The memory requirements at first glance may seem high. However, the figure is inflated
due to the fact all memory required by multigrid is allocated once at the beginning of the program.
If lower memory overhead is desired, memory could easily be allocated and deallocated in the
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multigrid routines themselves.

4.5 Future Work

This algorithm was developed as part of a long-term plan to create an engineering tool which
could be used to design components that involve low Mach number reacting and non-reacting fluid
flow. Of course, major modifications must be made to achieve this goal; in particular, many of the
simplifying assumptions made previously must be relaxed, changes must be made to improve the
physical model, and new additions must be put into place to handle more complex spatial domains.
Some specific suggestions for future modifications are:

1. Improved Gridding Methods

Adaptive Mesh Refinement (AMR) as presented in Berger and Oliger [11] and Berger and
Colella [12] is one way that gridding could be improved. AMR is a means of locally refining a uni-
form mesh so that the computational power is only put into regions which high gradients. To
implement AMR, a refinement criteria is determined, the domain is gridded accordingly, and then
the algorithm is applied to both coarse and fine grids. Regridding is performed every few steps. By
following such an approach, the CPU time required to perform these computations can be reduced
significantly, as shown by Almgren, et. al. [2) who used AMR in performing 2 calculation to solve
the incompressible Euler equations.

In addition to adding AMR, an improved boundary treatment should be used. Two approaches
for handling complicated domain geometries are the Cartesian mesh method as presented by Chern
and Colella [16] and Young, et. al. [68], and the composite mesh method described in Chesshire
and Henshaw [17] and Benek, et. al. [10]. To implement a Cartesian mesh strategy, a uniform grid
is placed over the entire domain, and bodies and domain boundaries are allowed to intersect cells.
Intersected cells are treated as though they contain a tracked front. The advantage to the Cartesian
mesh method is it's simplicity; it is easily implemented for any domain or for flow over any body.
The disadvantage to this method is that some accuracy is lost at the boundary. Whether a Cartesian
mesh approach is appropriate or not is problem-dependent; if the flow is primarily driven by
boundary layer interactions, the loss of accuracy at the boundary makes this method a poor choice.
However, for flows where boundary flow may not be of primary importance, a Cartesian mesh
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approach is a viable option. A Cartesian mesh approach has already been used by Pember, et. al.
[52] for inviscid compressible flow, and methods for automatic grid generation are being currently
investigated by Melton, et. al. [49].

A composite mesh approach is implemented by creating multiple meshes and interpolating
between them. For example, a uniform mesh may be laid over the majority of the domain, except
over bodies in the flow and at boundaries where a body-fitted grid would be used. The body-fitted
grid would cover the boundary layer and extend partially into the free stream. Boundary data
would be interpolated onto the body-fitted grid from the uniform background mesh. The advantage
of such an approach s its preservation of accuracy at the boundary. The disadvantage is that such
an algorithm is correspondingly more complicated.

2. Improved Physical Models

One way to improve the physical model would be to replace the ignition temperature kinetics
model by a more complex model. This addition could be useful for predicting pollutant generation
in burners or internal combustion engines where mechanisms must be included in the kinetics
model to account for the formation of intermediate species. Another way to improve the physical
model would be to add a radiation model. A third improvement would be to relax the assumption
that fluid properties such as viscosity, diffusivity, thermal conductivity, etc., are constant. To per-
form a more realistic computation, clearly these properties must be allowed to vary with the ther-
modynamic variables. Finally, other reduced models for combustion can be implemented, such as
algorithms for tracking thin flame fronts, and the conserved scalar model for calculating non-pre-
mixed combustion flames in Bilger [13]. Thin flame models have been used in the past by Gho-

niem, Chorin and Oppenheim [30], Zhu and Sethian [69], and Hilditch [40].
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Figure 4.4 Early evolution of the Rayleigh-Taylor instability showing the for-

mation of two counter-rotating vortices into a mushroom shape
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Figure 4.5 Late time evolution of the Rayleigh-Taylor instability
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Figure 4.6 Flame front location for the case of combustion in a closed container
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Figure 4.8 Temperature contours for combustion in a closed container
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Figure 4.9 The scalar field of the velocity potential for combustion in a closed container
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Appendix

A.1 The Multigrid Method

The multigrid method is a technique for reducing the computational time required to solve lin-
ear systems, and it can be used in the numerical scheme described in this thesis to considerably
lower the run-time and expense. See Briggs [3a] for an introduction to multigrid.

Multigrid is used for solving problems of the form Lu = f on a domain Q where L is a linear
operator, given some boundary conditions for u. Let v denote the numerical solution to the prob-

lem. It is possible to find the solution iteratively using

viths (v ;=AY j+AL ) (A.1)
where 1 is an iteration index, L" is the discrete version of our linear operator, and A is a relaxation
parameter. After a sufficient number of iterations, v will be close to u. When equation (A.1) is
applied to v, we are said to “be relaxing on” v.

The choice for A can significantly affect the speed of the calculation; A is often defined in a
way that cancels all terms of v{ [ from the right hand side of equation (A.1). For example, for a
standard five-point Laplacian where Ax = Ay = h, A would be set to h%/4 so that

1 1 1 1 1
2¢y. V. V.. +vV. . —4v. . 2
1+1 - (Vl h (V1+1,j vx—l,J vx.3+l Vx,_)—l 4V1,J) h )

Ve & T — —— + —1. .
L) Ll 4 2 4 4]
h (A2)
2
= —(v! 1 1 ] h
=—Oie it Vi tViger Vi) 7l

Let v! = u+8' where § is the error between the exact and computed solution. Also let
R = LMv' - f where R stands for residual. Given these definitions, the problem for v can be
equivalently rewritten as a problem for &
Lhvl=Lru+Lh8!,
hel _yhl (A3)
L% =L" -f=R.

1,54, 8'>0.

Therefore, as v
Gauss-Seidel and Jacobi are two common choices for relaxation schemes. They are virtually
identical methods; in Gauss-Seidel, v!*! depends on v! and values of v!* ! that have already

been found, while in Jacobi relaxation v!*1 depends on v! only. These schemes can be used with
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red-black ordering, a term which refers to the order in which one solves for vi*l 1o implement
red-black ordering, first solve on the “red” cells (referring to a checkerboard pattem), then finish
the iteration by solving on the “blacks.”

Relaxation alone, however, is too slow for our purposes. While high frequencies in the solu-
tion are damped efficiently, low frequencies will persist. Multigrid solves this problem by perform-
ing the same relaxation on both coarse and fine grids, the rationale being that a low frequency
mode on a fine grid will appear as a high frequency mode on a coarse grid. By systematically
relaxing on these difference grids and interpolating the solution on adjacent levels, a solution can
be found in a much shorter time.

Multigrid has been implemented using a V-cycle, where “V” describes the succession of grids

relaxed upon. A sample V-cycle for a grid with 16 cells per side is shown in Figure A.1.

h
2h
4h
8h

16h
Figure A.1 One Multigrid V-cycle

Here are the steps in detail that make up a single V-cycle for a grid with the coarsest spacing
given by Nh. Begin on the finest mesh given v, f, and h and proceed as follows:
Relax on LMa® = £
Coarsen 2! = Iﬁth
Relax on L?My?h = £2b
Compute A = I;‘;"R2h
Relax on L4My%h = f4h

h _ {8hp4h
Compute Bh = anR

Solve LNyNR — gNh
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Correct u*? := (u*"+ Iﬁ'ﬁu‘“‘)
Relax on L“hu4h = f‘“‘

2h - (u 4hu2h)

L2h 2k _ ¢2h

Correct u

Relax on
Correct u® (u + I uh)
Relax on L'yb= f°

To coarsen, an interpolating function is used. This function is given by
fof 1 of f f f
(IR, ;= 7 Ray 5+ Ryi_y, i+ Ry 55 1+ Roi_q,95-1) (A4)

where an f superscript denotes fine mesh values and a ¢ superscript denotes coarse mesh values.
Since values of the density appear in the operator, these too need to be averaged. In the MAC pro-

jection, where values of density are required on the mesh, averaging is done by

2
Pi-1/2,i= 7% f '
1/P3i_3/2,2j % 1/Pai_3/2,2-1 (AS5)
) )
PLj-1/2= T F f :
1/0%i,2i-3/211/P2i_1,25-3/2

In the parabolic equations where values of density are required at cell centers, averaging is done by

[~

Pi; = (921,2, 921-1 2,*921,2,-1*92:-1 2j-1) (A.6)

The correction step where the coarse correction is interpolated onto the fine mesh is given by

= c
v2x 2 v21,2_| 8

f f

Va: n: = Vh: A -8. .

2i,2§—-1 2i,2§-1 ij’
Al

vf _vf - 8¢ ( )

2i—-1,257 "2i-1,2§ ij'

f I c
V2i-1,2j-1 "'VZi-—l.Zj—l-ai,j'
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